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is shown here that the horizontal component of any solution

MSC: admits a global (in time) bound in any Lebesgue space L?" with
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76D03 and the global regularity of a slightly regularized version of the
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1. Introduction

The MHD equations govern the dynamics of the velocity and the magnetic field in electrically
conducting fluids such as plasmas and reflect the basic physics conservation laws. They have been
at the center of numerous analytical, experimental, and numerical investigations. One of the most
fundamental problems concerning the MHD equations is whether their classical solutions are globally
regular for all time or they develop singularities. This problem can be extremely difficult due to the
nonlinear coupling between the Navier-Stokes equations with a forcing induced by the magnetic field
and the induction equation. The 2D incompressible MHD equations concerned here can be represented
in the form
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du+u-Vu=—Vp+v1d7u+v295u+b- Vb,

O%b+u-Vb=n19b+n20;b+b-Vu, (1.1)
V.-u=0, V-b=0,

where (x,y) e R?, t >0, u = (u1(x, y,t), uz(x, y,t)) denotes the 2D velocity field, p = p(x, y, t) the
pressure, b = (b1(x, y, t), ba(x, y,t)) the magnetic field, and v, v, 11 and 1 are nonnegative real
parameters. When v; = v and 1y =13, (1.1) reduces to the standard incompressible MHD equations.

When all four parameters vi, v, 171 and 1, are positive, it is not hard to show that (1.1) pos-
sesses a unique global solution corresponding to sufficiently smooth initial data (see, e.g., [3,4]). If all
four parameters are zero, (1.1) becomes inviscid and the global regularity problem appears to be out
of reach. The intermediate cases when some of the parameters are positive have recently attracted
considerable attention (see, e.g., [1,5]). As far as we know, the only cases for which the global well-
posedness is known is when v{ >0, v, =0, 51 =0 and 1, > 0 or when v{ =0, v, >0, n; >0 and
12 = 0. The global regularity for these two cases was recently established by Cao and Wu [1]. A par-
tial answer for the case when v{ =v, =0, 7 > 0 and 72 > 0 was obtained in [1] and [5]. The MHD
equations in this case are shown to possess global H' weak solutions. However, the uniqueness of
such weak solutions and a global H?-bound remain unknown. Many attempts have also been made
on the MHD equations with only dissipation, namely (1.1) with v{ > 0, v > 0, n1 = 12 =0, but the
global regularity problem for this case remains open.

This paper is devoted to the case when v{ >0, v, =0, 1 > 0 and n; = 0, namely the MHD
equations with horizontal dissipation and horizontal magnetic diffusion

du+u-Vu=—-Vp+du+b-Vb,
db+u-Vb=232b+b-Vu, (1.2)
V-u=0, V-b=0,

where we have set v =11 = 1. We do not have a complete solution to the global regularity problem

in this case. This paper presents several global a priori bounds and conditioned global regularity. In
addition, we obtain the global regularity for a slightly regularized version of (1.2), namely

du+u-Vu+e(—A)Y’u=—-Vp+d2u+b-Vbh,
db+u-Vb+e(—A)°b=032b+b-Vu, (1.3)
V.-u=0, V.-b=0
with € > 0 and § > 0. These results indicate that we are close to a resolution and therefore give us
confidence to predict the global regularity of (1.2).

Let us first try to understand the difficulty we would encounter when the energy method is ap-
plied. For any given sufficiently smooth datum

ux,y,0)=uo(x,y),  b(x,y,0)=Dbo(x,y),
say, (ug, bg) € H2(R?), the corresponding solution obviously obeys global L2-bound. That is,

t t

luo | + ||b(t)H§+z/|yaxu(f)ugdr +2/Haxb(f)ujdf= lwol?+ b2, (14)
0 0

where we have written | f||, to denote the LP-norm of f € LP(R?) with 1< p < oo. The trouble
arises when we try to obtain the global H'-bound. If we resort to the equations for the vorticity
w =V x u and the current density j =V x b, namely
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dw+u-Vo=0d2w+b-Vj, (15)
we then obtain
12 2 22 2 22
(lwliz + 1715) + lloxwll5 + 110xll5
2dt

In order to obtain suitable bounds for the terms on the right, we need the anisotropic Sobolev in-
equalities stated in the following lemma (see [1]).

Lemma 1.1.If f, g, h, 3, g, dh € L2(R?), then

1 1 1 1
ff | fghldxdy < CI fli2llgly 19yglly IIhll; 10xhll5 (1.7)
R2

where C is a constant.

If we apply (1.7), two terms on the right of (1.6), [ joxbidxuy and [ joujdxb, can be bounded
suitably. Unfortunately, we do not know how to bound the other two terms in order to close the
inequality in (1.6). This is where the direct energy method breaks down.

Motivated by a recent work of Cao and Wu on the 2D Boussinesq equation with partial dissipation
[2], we explore here how the Lebesgue norm of the horizontal component (u1,bq) of a solution
would affect the global regularity. First, we are able to obtain a global a priori bound for the norm
(1, b1)ll2r with 1T <r < oo, where || f|lg with 1 < g < co denotes the norm of a function f in the
Lebesgue space L9. The precise statement for this global bound is given in Theorem 2.1 of Section 2.
The bound depends exponentially on r and we do not know whether or not |(u1,b1)||cc can be
bounded for all time. If we do know that

T
/H(Ul,bl)Hiodt<oo, (1.8)
0

then we can actually show that the solution is regular on [0, T]. This is the conditional global regu-
larity result established in Theorem 5.1 of Section 5.

Our main efforts are devoted to improving the global bound for ||(u1, b1)|2r. We are able to show
that ||(uq, b1)ll2r < Cy/rlogr for large r < co. More precisely, we have the following theorem.

Theorem 1.2. Assume that (ug, bg) € H?(R?) and let (u, b) be the corresponding solution of (1.2). Let 2 <
r < oc. Then,

|(u1, b)), < Bo(t)y/rlogr + By, (1.9)

where By is a smooth function of t and By depends only on || (ug, bo) || 2r-
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The proof of this theorem is presented in Section 4. It relies heavily on the global bounds on the
pressure p. As a preparation for Theorem 1.2, we first prove in Section 3 that the pressure associated
with any classical solution obeys the global bound, forany T >0and t < T,

T
|pC.0, <C), f||p(-, D)% dt < C(T),
0

where 1 < g <3 and 0 <s < 1. We defy the details to Theorem 3.1 in Section 3. We are unable to

prove a global bound for the case when s = 1. These global bounds together with a decomposition of

the pressure into low and high frequency parts eventually lead to the global bound in Theorem 1.2.
The proofs of our results take advantage of the symmetric structure of (1.2). That is,

wE=u+b
satisfies

dwr+(w™ - V)wh=—-Vp+aZwT,
dw™ + (Wh-V)wm=—-Vp+Zw-, (110)
V'W+:0, V.-w™=0.

We remark that even this symmetric formulation is still more complex than the 2D Boussinesq equa-
tions dealt with in [2]. (1.10) consists of a system of two vector equations and the interaction between
them makes it more difficult mathematically. Due to the lack of the global bound for fot lp(@) |y dr,
the proof of Theorem 1.2 does not directly follow from the methods in [2] on the 2D Boussinesq equa-
tions. New tools such as the triple product estimate involving fractional derivatives (see Lemma 4.1)
are needed to cope with the more difficult situation here.

Finally we outline the plan for the rest of this paper. Section 2 presents a global bound for
(11, b1)|l2r while Section 3 proves the global bounds for the pressure as well as several other global
bounds. Section 4 is mainly devoted to proving Theorem 1.2 and, as a preparation, an estimate for a
triple product involving fractional derivatives is provided. Section 5 proves the conditional global reg-
ularity under (1.8). The last section shows that the slightly regularized system (1.3) always possesses
global classical solutions.

2. A global bound in the Lebesgue spaces
Assume that (u, b) is a classical solution of (1.2). This section shows that its component in the x-
direction (uq,b;) admits a global (in time) bound in L?"(R?) for any 1 <r < co. The bound obtained

here depends exponentially on r. More precisely, we have the following theorem.

Theorem 2.1. Assume that (ug, bg) € H>(R?) and let (u, b) be the corresponding solution of (1.2). Then, for
any 1 <r < oq, (u1, by) obeys the global bound

3
1, b1) |, < C1e2", (2.1)
where Cq and Cy are constants depending on || (ug, bg)||2r only.
In order to prove this theorem, we need the global L?-bound.

Lemma 2.2. Let (ug, bg) € H2(R?) and let (u, b) be the corresponding solution of (1.2). Then, (u, b) obeys the
following global L?-bound,
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t
lu@]?+ b3 +z/||axu<r)|\§dr +2/Haxb(r)H§dr < lluol3 + Iboll3 (2.2)

foranyt > 0.

Proof of Theorem 2.1. It is more convenient to use the symmetric form of (1.2), namely (1.10). Multi-
plying the first component of the first equation of (1.10) by w;|w]|*~2 and integrating with respect
to space variable, we obtain, after integration by parts,

1d _ _
ot Iw B+ @r= [t Plwi P2 = er =) [pawlwi P2 @3

By Hélder’s and Sobolev’s inequalities,
| Pt w7 < ipla o w7 w2

<Crlvpl z, [aowi |wi| ™ [ wi 5

where C is a constant independent of r. Therefore, by Young’s inequality,

(2r—1)/pax w2 &

wi w5+ e Vp ) w5
To bound the pressure, we take the divergence of (1.10) to get

—Ap = o (W] hw + wi dw]) + 3y (Wi dw, + widwy). (2.4)
Due to the boundedness of Riesz transforms on L7 for any 1 < q < oo, we have

<[l (loxwy lly + [ews [[y) + [wi [ (loxwy l, + [oxws ) @25)

Consequently,
PIVPI [wi 5"

2 _2 _ 2 _ 2 20r—1)
< (faewi |5 + [oxwg I+ laewy |5 + [3ews ) (wi Ly + 1w 1) w15,

2 2 _ 2 _ 2 2 2
< (laxw |5+ 3wy |5 + [swy 1 + [9xwy [5) (Iwi 15 + [ wi [5,)-

Combining the estimates above, we obtain

1d ar  @2r—1) 2 22
Lol 2 ot Plwi
2 2 —12 — 12 2 12
< (I 5+ Jaaw 15+ [y I3+ [aews [3) (1w I35+ w15

Similarly,
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L ey e R

— —12 2 —12
<P (w5 + w5+ faxwy 5+ Jaewy 1) (1w 5+ [wil15):

Adding these two inequalities yields

1d @r-1 L 2r—2 _2r—2
LU I+ w1+ 2 [ Qe Pl 77+ fows Plwi [7)
2 _ ) 2
P(loow |5+ [aewd |5+ Haxwl 5+ Naews 1) (lwi Iy + lwy I50)-
It then follows from Gronwall’s inequality that

[wi 5+ 1wy ;< (Iwf @[5+ [wy @ 5)

t

2 2 —12 —2
conp(crt [ (Jaawf I+ o [} + Jaowy 1+ ooz B ).

0

This inequality together with (2.2) then yields (2.1). O
3. Global bounds for the pressure

Several more global a priori bounds are established in this section. First we provide the L?"-bounds
for the second components (uz,by) when r =2 and 3. Then we establish two global bounds for the
pressure: one for |pll with 1 <q <3 and one for fé lp(t)|I%s dT with s € [0, 1). The precise results
can be stated as follows.

Theorem 3.1. Assume that (ug, bg) € H*(R?) and let (u, b) be the corresponding solution of (1.2). Let p be
the corresponding pressure. Let s € (0, 1). Then, forany T > 0andt < T,

|(u2, b2)(D)]|,, <C, r=2,3, (3.1)
and, forany 1 < q <3,
T
lpol,<c. [l <c. (32)
0

where C is a constant depending on T and the initial data.

Proof. There does not appear to be a uniform approach to prove the bounds in (3.1) simultaneously

for r =2 and r = 3. We prove them separately and start with the L4-bound. It is more convenient to

use the symmetric form (1.10). Multiplying the second component of the first equation of (1.10) by
|w2 |2 and integrating by parts yield

1d 4
2l wilies [ oot Plwg =3 [ poywilwil”

To bound the term on the right, we use V- w* =0 and integrate by parts to get
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[ paywilwi? = - [ pawwt|wi]
:faxpw]+|w2+\2+zfpw]+axw2+w2+
=J1+2])2. (3.3)

By Hélder’s and Sobolev’s inequalities,

12l < Iplla|wi ], wg ew3 |,
<CIVPlg [wy [ lws axw ],

According to (2.5),

1Py < wy 4 ([3ewy [+ 1oxws [[5) + [wi 4 (1w [, + |oxws ])-

Therefore, by Young’s inequality,

_4 4 2 2 _2 _2
+C([wi s+ Twi ) (loxwy [+ [aews |5 + [axwy [ + w3 [3)-
To bound J4, we first apply Hélder’s inequality,

2
< foxp s [wi sl (w2) 4

By Lemma 3.2 below and V- w™ =0,

2 2,1 2,1 1 1
[ (w2) "4 < Clax(wz)"[3 [ay(w3)"[[7 < Cllwzdswy |3 [wy dew? |7

According to (2.5),

VPl < Clwy[[g(loxwil, + [aew3 [) + [wi g (fowwy [, + [ws [1)

<C([wyllg+ Iwillg) (loew™ [, + [aw™ ).
Therefore,

1 1
< clwilg(Iwylls + [wills) (Noxw™ ], + [aew™ ) [wz w3 [wz xwy| ¢

1 2
< Lwhowi|?

—12 2 4 — 4 2 2
+ C([aew™ Iy + [oxw™[[5) + [willg ([wills + [wille) " [wz 2 [ 2w [l5-

Inserting the estimates for J; and J, in (3.3) and recalling Theorem 2.1, we obtain a global bound for
||w§“||4. The bound for ||[w; 7 ||4 < C can be similarly established.

To prove the L®-bound in (3.1), we obtain from (1.10) that
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6 —6 2 2 —2 )
(w3l + Iwa llg) + 50w [P [awz [ + 5[ lwy [*[aewy [
4 4 _
=5 [ p(wi['a,wf + |w |‘a,w;)
114 4 —_14 _
=5 [ p(wi[*awt + wz *awy)
=5 [ aup((wf|wi +ws[*wi)+20 [ p(w Powd wi +[wy sz wy)
Applying Hélder’s inequality, (2.4) and Lemma 3.2, we have

4 4
[ ap(wiltwi -+ wi*wy)
3,14/3 —1314/3) —
< [oxp s (w3 I3 Iwi 156 + w2 57wy [56)
02 _
<C([wi]ls6 + [willse) (Jaxw™ [, + 3w ],)
1135 1135 135 — 135 —135 — 138
< ([aylws 7|3 [8xlwy P13 w715 + oy lwy I3 Noxwy P15 1wz [713)
_ 2 _ 3,5 _138
<C([wifls6 + [willse) (laxw ™, + laew™ [ ) (w3 13 + [1wz °13)
+18 +18 — 15 — 3 +13118 — 3
x ([wy |14 [8ywy |5+ [|wa |2 [aywy [13) (x| wy [ 3 + [[ax|wz [])3)-

Also, by Holder’s inequality and (2.4),

[ P Powswi + ws Powy wr)

2 _ 2 _ _
<|pls(ws llsllws I"axws |, [wille + 1wy sl lws ["axws [, wil6)
<C(willg+ [wy o) (loxw ™[, + [axw™],)

2 _ _2 _ _
< ([willgllwz "axws || w3 lls + [wy gl wz ["axwy ] wy [6)-
Therefore, by Young’s and Gronwall’s inequalities,

t
6 — 16 2 2 —2 —12
[zl + lIw; Hﬁf(lHWII [aw [+ w2 ["lowwz [[35) < €.
0

We now prove the first inequality in (3.2). Taking the divergence of the first two equations in
(1.10), we have

—Ap=V-(w-Vw").

By the boundedness of Riesz transforms on L9,

Ipllg < Clw™ [0 [w 5
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For 1 <q <3, [w|2q and ||[w"|]zq are bounded according to Theorem 2.1 and (3.1) and thus
Ipllq <C.

Now we prove the second inequality in (3.2). Recall that the operator AS is defined through its
Fourier transform, namely

ASFE) =€ F(©).

Combining (2.4), the boundedness of Riesz transforms on L? and the Hardy-Littlewood-Sobolev in-
equality, we have

[4°p ], < A% =2 ax(wy dkwi + widewy) [, + |47 =2) 7oy (widews + wydews) |

N

409wy . + wiawr) |, + | 470 (wlawwg +wraws)],

< clwyowt +wiaawy |, + [whawy +wiaaws ],

N

Cloxw™ [, + [axw™ ) (Iwi]l 2, + [wi] 2,)-

1

where ¢ satisfies i % + % and C is a constant independent of s. This completes the proof of

Theorem 3.1. O
We have used two calculus inequalities of the following lemma.

Lemma 3.2. Assume that f € L?(R?), 3y f € L' (R?) and 3y f € L%(R?). Then

1 ha < V3030 F 1 oy 1. (3.4)
1505 < V2015 03615 oy 15 (35)

Proof. We prove (3.4) and the proof of (3.5) is similar. Writing

X y
FAan=FFEnfxy = / az(f3(z,y))d2/ 9, f (x,2)dz,

integrating in (x, y) € R? and applying Hélder’s inequality yield (3.4). O
4. An improved global Lebesgue bound

This section establishes the improved global bound for ||(u1, b1)||;2r, which states that || (uy, b1)||2r
grows at most at the order of \/rlogr. We have already stated the precise result in Theorem 1.2 in

the Introduction and we now prove it.
In order to prove this theorem, we need several facts that we now state and prove.

Lemma 4.1. Let q € [2,00) and s € (3, 1]. Assume that f,g,d,g € L>(R?), h € [20~D(R?) and Ash €
L%(R?). Then,

1— 1-9
‘/ fgthdJ/‘<C||f||2||g||§||3yg||2 L L DZH] PR (41)
RZ
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where p and ¢ are given by

1 (2s —1)(q—2) _ @s=1D@-1)
p__+ ) 19_ )
2 22s—1)[@—1)+2 2s—1)(q—1) +1

and A; denotes a fractional derivative with respect to x and is defined by
A5he0 = [ €€ jer e ds.
Proof. To prove this inequality, we recall the one-dimensional Sobolev inequality

lligecey < C N, g | AR 2 (4.2)

where we have used the sub-index x with the Lebesgue spaces to emphasize that the norms are taken
in one-dimensional Lebesgue spaces with respect to x. By Hélder’s inequality and (4.2),

1-9
‘/ fghdxdy‘ < C/ 1 Flliz gz Rl o [ AR

1 1
2 w
c(/ufniz( dy) (/ngugdy)
2(19]) a-v)
a= 2
([ ) ( [ anie)

1-9
= CIIfllallglz e lhlqn | A5h], " (43)

where u =2(q — 1)/(®(q — 2)). Clearly, u > 2. By Minkowski’s inequality followed by a Sobolev in-
equality,

1—
Iglzre < I8l < Clglydygly, " (4.4)
Inserting (4.4) in (4.3) then yields the desired inequality in (4.1). O

The following lemma allows us to bound the high frequency and low frequency parts of a function
in H® (0 <s < 1) separately.

Lemma 4.2. Let f € HS(R?) with s € (0, 1). Let R € (0, 00). Denote by B(0, R) the ball centered at zero with
radius R and by xpo,r) the characteristic function on B(0, R). Write

f=F+f with f=F"xporFf) and f=F (1 - xpo.r)Ff), (4.5)

where F and F~! denote the Fourier transform and the inverse Fourier transform, respectively. Then we have
the following estimates for f and f.

(1) For a pure constant Cq (independent of s),

I flloo <

Co 1—
R'* S(R2) - 4.6
Vi I1f s (w2 (4.6)
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(2) Forany 2 < q < oo satisfying1 —s — % < 0, there is a constant Cq independent of s, q, R and f such that

1Fllg < C1aR™™> "7 f ll s ey (4.7)

This lemma complements Lemma 2.3 in [2]. The lemma there involves H!-functions while this
lemma allows to deal with H®-functions with s € (0,1). This lemma can be similarly proven as
Lemma 2.3 of [2], so the details are omitted.

We also recall Lemma 2.4 of [2].

Lemma 4.3. Let 1 < q < oo. Let f € LY(RY) and let f be defined as in (4.5). Then, there exists a constant C
depending on q only such that

1Fllg < Cllflg-

We are now ready to prove the main theorem of this section.

Proof of Theorem 1.2. As in the proof of Theorem 2.1, we use the symmetric form (1.10) and start
with (2.3) with r > 2, namely

1d _
ol b+ —1)f|3x TPwi (2r—1)/pax FlwiP 2 (48)

The term on the right will be treated differently. To start, we fix R > 0 (to be specified later) and
write

+ ‘21‘—2

(2T—1)/p3xW+ =J1+ ]2,

where

2r—2 2r—2

IE (2r—1)/p8x Tlwf |77, Jz=(2r—1)ff?3x 1wl

with p and p as defined in (4.5). To estimate J1 and J,, we choose two parameters s and q satisfying

V5-1 1
S 1+ —— 49
2 T I A (4.9)

<s<1, 2<q<

NIU‘I

The technical constraints in (4.9) will become clear later. By Hélder's and Young’s inequalities, we find

’rl

i< @ =11ploo | |wi | Jaxwy (wi) ™'

2r

< @r = DB wi [ I3+ 2 [t (wi) '3

Assuming s and q satisfying (4.9) and applying Lemma 4.2, we have

R'™|Ipllns, (4.10)

_ Co
<

where Cy is a constant independent of s. In the rest of the proof we pay special attention to whether
a constant is bounded uniformly as s — 17. By (4.10) and the interpolation inequality
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2

J ey i A S (@)
we have
2r _
< 2wt (wi)
] 201 2 = war
_°s<2r— DRI i [y |57 w7 (412)

where Cy is independent of s. To bound J,, we first apply Lemma 4.1 to obtain

ol < c@r—n)[awy [wi ™ o 1B05 o 5Bl Hwd 7 15 o (wi) ™I,

where s and q satisfy (4.9), ¥ and p are given explicitly in terms of s and q,

(2s—D@-1) 1 (2s—1)(q—2)

= , p== , (413)
2s—1(@—-1)+1 2 2[@2s—1N(@g—1)+1]
and C is bounded uniformly as s — 17. According to (4.11), we have
e T
w5 < It 15 [wi L
By Holder’s inequality,
3(1-p)
R e e (L G}
— 5(-p)
=(@r—-1'" (/ (waf)é (OxwT) =N (wf)z(r_2)> ’
1= 2(r—1 2 i
== oo [ (w7 e’
Therefore, by Young’s inequality,
1 = T s
2l < C@r = =D fawf |5 w57 wi |,
J+L 2%2(—]1_)/))
A1 AP ([ @owi)? v )
< (axwf)z(wl P car- o -0 wt
2—2r) 20 21— 19)(r 1)
oot ly = Wil ™ Wy 1A%, 7 (4.14)

where C is again bounded uniformly as s — 17, and, for notational convenience, we have written
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o=0r—-1)—>1=p)r—2)=1+ pr—2p. (4.15)

To further the estimate, we split ||pll2—1) into two parts and bound one of them via Lemma 4.2.
More precisely, we have, for any 0 < 8 <1,

3 SO
IPll2¢g—1) = ||p||z(qﬂ—1)”p”§(q—l>
- 1— 1-s— 1o
<Clply” R # P plis

1— 1-s— 1o
<ClIplly’ 1 R | pilfs, (4.16)

where the last inequality follows from Lemma 4.3 and C is a constant independent of s. Due to the

1
condition on s and g in (4.9), this bound allows us to generate RIS~ with 1—-s— q1T1)/3 <0.
Inserting (4.16) in (4.14) yields

2r—1 _
a1 < 2 [ @t ()
Fe@r— -1 RIS (w7
2(1—p) 2p(r2 —2r) o 20(r=1) 2W@0=1) , 20=9)T—1)
<oawil, = Iwily 7 Wploglyy © Pl ©

where, again, C is bounded uniformly as s — 1~. We choose 8 so that the sum of the powers of
||8xw;“||2 and of ||p|lgs is equal to 2, namely

2(1—p) +ﬁ219(r—1) L2-ne-D
o o o

Recalling (4.13) and (4.15), we find that

_(2s-1(2g-3)—1

(4.17)
(29—-2)(2s—1)
The condition in (4.9) guarantees that 0 < 8 < 1. Then
2(1—p) 200—1) | 20=9)(r—=1)
[awwilly = el © T <c(lamwl 3+ Ipi).
Therefore, for B given by (4.17), we have
2r—1 _
1l <2 [P
+C@r - — 1) RO k|
_p)200=1) 20(r2—2r)
< 1Plyqlry © (loewi 5+ 1pIE) [wily 7 - (418)

Combining (4.8), (4.12) and (4.18), we obtain
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1d 2 2r—1 2 2r—2
o 1w+ 2 [l Pl P
2

C 2
< 7@ = DR |wi |5 w|

2r2 —
r—1

2r

21— -1 1 29(r—1) 2p
AL B (15— p =5 iy

+CQRr—1)(r—1)

_ 2_
(1—ﬂ)w Zp(rg 2r)

X Ipllyg-1) (” 8XWH; + ||p||i,s) HWT HZr (4.19)

where Cy is independent of s and C is bounded uniformly as s — 1~. We now choose R so that

2(1— —1 1 29(r—1)
AL p(—s— =5

R2I) = (r—1)

Solving this equation for R, we find

2(1—5)(1—P)(T1—1)
RZ(I—S) — (r _ 1) (1_5)0+ﬁ0(s_]+qT])(r_]) .

We then use (4.13), (4.15) and (4.17) to simplify this index and obtain

21 =s)(1 —p)(r—1) _ 21 =s5)@—1)
A —s)a+ﬁ1§‘(s—1+qu)(r—l) qg—2+T—-1D"11-5(@q—-1)

We denote this index by §,

2(1—s)(g—1
5 ( )gq ) (4.20)
q=—2+@—-1)""A=s5)(q—-1)
and therefore R?1~%) = (r — 1)%. Clearly, § — 0 as s — 1, and
1 :q—l g _ 3 1<2q—21'
1—-s qg-2 r—1/56 qg—2 34
In addition, we notice that
2r2 —4 200% =2
r r<2r—2, p(r T)<2r_2_
r—1 o
Without loss of generality, we assume ||WT||2, > 1. It then follows from (4.19) that
d 2 C
Wiy < SBO@r =D -1, (4.21)

where C is bounded uniformly as § — 0T, and

2 20 _pg)2a=1)
BO) = Pl [wi 15T+ Iwi 5 1Pl ln, © (1oxwy 5+ pI%s).

Since (4.21) holds for any § > 0, we set

1
§=———
log(r — 1)
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to obtain the optimal upper bound

d

a”wj |3 < CB(®)@2r — 1) log(r — 1). (4.22)

After § is selected, we then choose s and g satisfying (4.9) to fulfill (4.20). Since we have chosen
2<q< % we have 2 < 2(q — 1) < 3 and, according to Theorem 3.1, B(t) is integrable on any time
interval. We obtain (1.9) after integrating (4.22) in time. This completes the proof of Theorem 1.2. O

5. Conditional global regularity

This section establishes the global bounds for ||(u, b)||y2 in terms of the norms of the horizontal

components uq and by in L?L,?". More precisely, we have the following theorem.

Theorem 5.1. Assume (ug, bg) € H>(R?) and let (u, b) be the corresponding solution of (1.2). If

T
f | i, b))%, de < oo
0

forsome T > 0, then ||(u, b)|| 2 is finite on [0, T].

The proof of this theorem is divided into two major parts. The first part bounds the H!-norm
while the second bounds the HZ-norm.

5.1. H'in terms of || (u1, b1l ;2,00
This subsection proves the following proposition.

Proposition 5.2. Assume (ug, bg) € H?(R?) and let (u, b) be the corresponding solution of (1.2). Then, for
any T >0andt <T,

H(u, b)(t) ”H] < C1e©2 fé(\lm(f)ll§o+llb1(f)||§o)df, (5.1)
where Cq depends on T and the initial data only and C; is a pure constant.

Proof. Taking the inner product of the first equation of (1.10) with Aw™ and integrating by parts, we
find

1d

5E||VW+||§+|\axVW+H§:11+12+I3+14+15+16,

where
I =/axw;axw2+axw2+, I =/axw2—ayw1+axw1+, I3 =/axw2—ayw2+axw2+,
u:/ayw;axwfaywj, 15=/ayw;axw2+ayw2+, 16=/ayw2—ayw1+ayw1+.

The terms can be bounded as follows. By Lemma 1.1,
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1

1 1 1
1< Cllaxwy [, |oxws [ [oawall3 3w |15 |oxy w3 I3

<Claewy | laws |l Voo,
< qgIvaaws 5+ clowy 139w I
Similarly,
121 < g5 [V 5+ Claaws |3 vwi |3,
131 o [Vaews |3+ Claowy |3 vwi [
Integrating by parts, we have

I4:—v/afyw1_wfawa—/aywl_w;rafwa.
By Holder’s inequality,

Is <2 wi || [Vawy |, [ vwy ],
1 _2 2 _2
< 75l Vawy o+ Clwi [ vwr [

Is and Ig admit similar bounds as Ig4,

1
151 < 16 | VWi 5+ Cllaww* 5 vwy |5,

2

1 2 _2
sl < 7 [ Vaxwy "+ Clwy |5 [vwi 3.

Similar estimates can be obtained for Vw~. Combining them yields

d 2 2 2 2
7 VWS + 1w 3) + ([ vw ™[5 + v w]3)
2 02 2 2 2 2
< (|aew ™[5+ |aew ™[5 + [wi |5 + [wi ) (Ivw™ [ + [Vw™3).

Gronwall’s lemma then yields the desired L%-bound for (Vu, Vb). Combining with the global L%-
bound in Lemma 2.2 leads to (5.1). O

5.2. Proof of Theorem 5.1

With the global bounds for the H'-norm at our disposal, the goal of this subsection is to complete
the proof of Theorem 5.1.

Proof of Theorem 5.1. Taking the inner product of the first equation in (1.10) with A?w* and inte-
grating by parts, we find

1d

iaHAw+||§+ |\aXAw+|\§=—fA(w—-VW+).AW+. (5.2)
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In order to make use of the anisotropic dissipation, we need to decompose the nonlinear term into
different parts that show explicit dependence on the horizontal and vertical derivatives. We write

/A(W_ Vwh) AW =]+ J2 + s,
where
1= f(Aw_ Vwt) - AwT, J2 zzf(axw— VowT) - AwT,
J3 =2f(8yw_ -Vaywt) - Aw',

We further decompose [ into four terms, J1 = J11 + J12 + J13 + J14, Where

J11 :/(Awlaxwf)AwT, J12 :/(Awlaxw;)ij,

Jiz= /(Awgawa)AwT, Jia= f(sz_ayw;)Aw;
It is clear that, after integration by parts and applying Holder’s inequality,

2 —2 2 2 —2
(Jadwi |3+ [ascwy[y) + 4wy (JawT |5 + [awi]y).

Jul < !
1< 16

Similarly, after invoking ZJXW;r + 0y W;— =0,

2 —12 2 2 —2
al < 75 (180w |5 + [ Aaxwy ) + 4wy [ (Jaws |5 + [aw; ).

m|_‘

To bound [, we apply Lemma 1.1 to obtain

1 1 1 1
[Ji2l < Clews [, Awy [ |adewy |3 [ aws |5 [adywy |3

1 1 1 1
= Cllaxwy |, |awr |7 [ascwr |7 [aws | [aswi]3

1 2 _ 2 2 2 —2
< 7glaowy s+ [aswy[y) + Claws [5(Jaws |5+ [aw ).

To bound Ji3, we need the H!-bound from Proposition 5.2. By Lemma 1.1,

1 1 1
sl < Claw |, |awy |3 [adywy |3 [aywi |3 [ axdy w3

1 1 1 1
<Clawr|,llawy |3 |asw | [Vwi |3 |[VawT|;

1 2 2
< 75l Avwy |3+ C|vwi [, | awt 5+ Clacvwi 3] aws |5

Collecting the estimates for J;, we have found that four terms
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| —

11 < £ (| adew™ | + [ adw™ [2)

4
2 2 2 2 2
+C(Iwi I+ w3 + [Vwi |, + [axvwi ) (Jaw™ [+ [aw™]3).

J»> and J3 can be estimated in a similar fashion and we omit further details. Similar estimates can be
obtained for Aw~. Combining the estimates for all of them and applying Gronwall’s inequality then
yield the desired global result. This completes the proof of Theorem 5.1. O

6. Global regularity for a slightly regularized system

This section establishes that (1.3) possesses global regular solutions if the initial data are suffi-
ciently smooth. More precisely, we have the following theorem.

Theorem 6.1. Let € > 0 and 8 > 0 be real parameters. Consider (1.3) with an initial data (ug, bg) € H2(R?).
Then the corresponding solution (u, b) obeys the following global a priori bounds, forany T > 0andt < T,

t
b3+ [ (1@t bl + €] (47u. 2%) [0 de < c.
0

where C is a constant depending on T and ||(uo, bo)|| 2 only.

Proof. We show that (u, b) admits a global H%-bound. Clearly,

t

|w.pyo| +2/(Haxu(r)H§ +|oxb () [3) dt
0

t
+2¢ [(|4u@} + |40 3) dr = | wo.bo)
0

To obtain the global bound for the H'-norm, we take advantage of the vorticity formulation. Taking
the curl of (1.3), we find that w =V x u and j =V x b satisfy

dw+u-Vo+e(—A)’w=b-Vj+dio,
dj+u-Vji+e(—=A)P’j=b-Vw+0d?j (6.1)
+ 20xb1(dyuq + dxuz) — 20xu1(dybq + 0xb2).

Taking the inner product of (6.1) with (w, j) and integrating by parts, we obtain

d
(1013 + 1713) + 13153 + 13113 + €| A°e]5 + €] 4%

=J1+J2+ 73+ Ja, (6.2)

N —

where

Ja :2/8xblayu1jdXdy’ ]2:2/3Xb13qujdXdy,

]3 :2/8Xu18yb1jdxdy, ]4:2/8xu18xb2jdxdy.
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The terms above can be bounded as follows. Integrating by parts, we have
Ji1=-2 / b18xyu1j — Z/blayulaxj.
Choose g large enough such that qé > 2. By Holder’s inequality,

|J11 < 2[Ib1ligllOxyurll2 |l jll 2, +2||bl||q||8x]||2||ayu1”_qz-

By the boundedness of singular integral operators,

[9xyu1ll2 < Clloxewll2, ||9yu1||_q2 Clleol g -
=

Applying the Sobolev inequality, for ¢ > 2 and qé > 2

1—2 2
1£1l 20, <CIFI, " A% ]3
and Young’s inequality, we obtain
1J11 < ||axa>||2 HASJH2+C||b1||q82||J||2
2q8
+§||axj||§ ||A5w||2+cub1||"‘32||w||%.

J» can be bounded through Lemma 1.1,

|J2] < Cl|9xb1 ||2||3xu2||2 ||3ny2||2 ||J||2 ||8xJ||2
1 , )
< glldolls + guaxjnﬁ + ClloxbalI5(lel5 + 117113)-
To bound J3, we first integrate by parts to obtain
]3 = —2/1113xyb1j —2/1,!13yb18xj.
The terms on the right can then be estimated in a similarly fashion as in (6.3) and the bound is
12 B B2 2
131 < —||8wa|2 ||8le|2 HA JH2+CIIU1II" 1jll3-
J4 can be bounded in a similar fashion as J, and
1 . .
[Jal < GU0xJ13 + Clloxur 131715

Inserting the estimates for J1, J, J3 and J4 in (6.2) yields the desired global H!-bound.
To establish the global H2-bound, we take the inner product of (6.1) with (Aw, Aj) to obtain,
integration by parts,

2679

after
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1d(
2dt
=Li+Ly+ L3+ Ls+Ls, (6.4)

IV@l3 + IVjI13) + IVl + 1V0xj13 + €| 4% w5 + €] A+ |5

where
L1:—/Va)-Vu-Va)dxdy,
LZ:—/Vj~Vu~dexdy,
L3:/Va)- (Vb + (Vb)) - Vjdxdy,
L4=2/V[axb1(8xu2+8yu1)]-dexdy,
Ls = —2[ V[0xu1(dxb + dyb1)] - Vjdxdy.

To estimate L1, we write the integrand explicitly
L= /(axm (9x@)? + (dxuz + dyu1) wdyw + dy Uz (dyw)?) dxdy.
Each one of them can be bounded by Lemma 1.1 and then by Young’s inequality. For example,
) Iig 1 1o 5 1
f i1 (0xw)” dxdy < Clloyu1 [12]10x |3 || 05 @] 2 [[0xw|l] || 05, | 2
1
< 35 IVall; + Clolz I Vel
Since the estimates for other terms are similar, we obtain
L] < Va2 + Clol2IVol2 + CIVol2loll |3w]
IL1] < 3 [Voxwll; + CllollzIVoll; + CllVolzllolly axwll; -

Similarly, Ly, L3, L4 and L5 are bounded by

2 2
ILa] < < [IVaxjl5 + C(||w||§ + llwll; ||3xw||23)||VJII§,

1
8

2, 1 12
IL3] < 2 [IVoxoll; + g“vax]”z

1
8
+ ClIiI3(IV@l3 + IVlI3) + ClaxjlI5 IV il3,

1 2 1 )
ILal < GIVax@l3 + S IVxI3
2 2 2 2 Z 2 c12
+ C(I713 + llwl3 + 18xj113 + w3 1kl 3 ) (IVll3 + 1VlI3),
1 2 1 )
ILs] < Va3 + 51Vl
+ C(I713 + llwli3 + 14113 + 3x@113) (IVll3 + 1V jII3).
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Inserting these estimates in (6.4), applying Gronwall’s inequality and invoking the global H!-bound,
we obtained the desired global H%-bound for the solution. This concludes the proof of Theo-
rem 6.1. O
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