Nonlinear Analysis 144 (2016) 157-164

Contents lists available at ScienceDirect =

Nonlinear
Analysis

Nonlinear Analysis

www.elsevier.com/locate/na

Global weak solutions for the two-dimensional @CrossMark
magnetohydrodynamic equations with partial dissipation
and diffusion

Dipendra Regmi

Farmingdale State College, State University of New York, Farmingdale, NY 11735, United States

ARTICLE INFO ABSTRACT

Article history: In this paper, we consider the two-dimensional magnetohydrodynamic equations.
Received 29 January 2016 We establish global weak solution for MHD equations with partial dissipation and
Accepwd? July 2016 o vertical diffusion. We also obtain a regularity condition.

Communicated by Enzo Mitidieri © 2016 Elsevier Ltd. All rights reserved.

MSC:
35A01
35B45
35B65
76D03
76D09

Keywords:

MHD equations
Partial dissipation
Vertical diffusion
Weak solutions
Classical solutions
Global regularity

1. Introduction

The viscous incompressible magnetohydrodynamic equations can be written as
U +u - Vu = =Vp + vy Oyt + V3 Oyyu + b - Vb,
by +u- Vb =1 Opeb + 12 Oyyb + b - Vu,
V-u=0, V-b=0,
U(J), Y, O) = u0($7 y)7 b(.’L‘, Y, O) = bO(wa y)

(1.1)

where (z,y) € R%, ¢t > 0, u = (u1(z,y,1t), uz(x,y,t)) denotes the 2D velocity field, p = p(x,y,t) the pressure,
b= (b1(z,y,t),b2(z,y,t)) the magnetic field, and v4, v2, 1 and 72 are nonnegative real parameters. When
vy = vy and 11 = 1, (1.1) reduces to the standard incompressible MHD equations.
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When all four parameters v1, v2, 71 and 7y are positive, the global regularity of 2D MHD equations is
well known [13]. However, it remains a remarkable open problem whether classical solutions of the two-
dimensional inviscid MHD equation, all four parameters are zero, preserve their regularity for all time or
finite time blowup. When 14 > 0, v, =0, 71 = 0 and 12 > 0 or when 14 =0, v5 > 0, 71 > 0 and 12 = 0, the
global regularity was established by Cao and Wu [2]. Furthermore, the MHD equations with only magnetic
diffusion is shown to possess global weak solutions [2]. Cao, Regmi, and Wu studied two dimensional MHD
equations with horizontal dissipation and horizontal diffusion in [1]. They proved that any possible blow-up
can be controlled by the L> norm of the horizontal components. Furthermore, they showed that ||v| .- with
2 < r < co at any time does not grow faster than /rlogr as r increases i.e. ||(u1,b1)||r < C/rlogr.
The MHD equations have been a center of attention to numerous analytical, experimental, and numerical
investigations (see [1,2,4-20], and references therein).

In this paper, we consider the MHD equations with partial dissipation in the first component of velocity
field and vertical magnetic diffusion.

(%’UQ 4+ u - Vul = — mp+ Vgayyul -+ b- Vbl,
Opug +u - Vug = —=0yp +b - Vbg,
O+ u-Vb=n10..0+b-Vu, (1.2)

Veu=0, V-b=0,
u(x,y,0) = up(x,y), b(x,y,0) = bo(x,y)
where 15 and 7; are positive parameters, we assume vo = 1; = 1 for simplicity.
The vorticity w = V x u and the current density j = V x b satisfy

{wt tu-Vw = =0y +b-VJ, (1.3)

We prove the following theorem.

Theorem 1.1. Assume that (ug,by) € H*(R?), V-ug = 0 and V - by = 0. Then, (1.2) has a global weak
solution (u,b), which satisfies

u,be L2([0,7); H'(R?)),  dyue L*([0,T];L*(R%)),  9xj € L*([0,T]; L*(R?))
for any T > 0.

It is not known if such weak solutions are globally regular. However, if the uy satisfies

T
/n%mm<w
0

then the solution becomes a classical solution.

Remark 1.2. e This work is motivated by the recent work in [4,2,1].
e Similar results can be obtained, if we replace dy,u1 by Ozzu2 and 9,0 by 0y,b in (1.2).

This paper is organized as follows: we first state some preliminaries and some important lemmas in
Section 2 and thereafter in Sections 3 and 4 we prove our main results.

2. Preliminary

Throughout this paper, we use the following notations.

0 0?
1Pl =1Flee o f=0uf = fons ol =0uf. [ fdsdy= [

axz R2

We state some lemmas which play an important role.
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Lemma 2.1 (See [2)). If f,g,h,0yg,0.h € L*>(R?), then

1 1 1 1
J [ \rantdsay < sl Lol 10,603 el 10005 (21)

where C' is a constant.

Lemma 2.2 (See [3]). Let §2 be divergence-free vector field such that V{2 € LP, p € (1,00). Then there exists
a constant C' > 0 such that

p?
IVO|r < C——||V x 2]|L».
p—1

Lemma 2.3. The following interpolation inequality holds in R2.

1flls < CIAIZIV A

where C' is a constant.

3. Global weak solution

This section establishes the global weak solutions for (1.2).
We can easily prove the global L2-bound.

Lemma 3.1. Let (ug,by) € H?(R?) and let (u,b) be the corresponding solution of (1.2). Then, (u,b) obeys
the following global L?-bound,

t t
lu)lz2 + bz + 2/0 |10y (7) |72 dr + 2/0 10:b()II72d7 = luol72 + llbol|Z (3.1)
for any t > 0.

Proof of Theorem 1.1. Multiplying the first equation in (1.3) by w and the second equation in (1.3) by j
and integrating by parts in R2, we obtain
1d

st (
—9 / (0,51 (Oytiz + Dyur) j — Daur (abs + ,b1)] jda dy.
NS A

5 = / Dub1Outindubs — / Dab1 Dy 113D,y

Jii + Jio

‘/ 8zb181U281b2

CH@quH ||6zb1||2§Hazybl”g||6wb2||2§||8wwb2”2§
Cllwl 10zb1113 1102113 10xb213 (1024113
Cllwl 10:bll211024]l2

1 .
131923115 + CllablIz|lw]l3-

lwllZz + 1311Z2) + 10zyurllZz + [18yyunlliz + 1024172

Ji

IN

IN

ININA

IN

We have applied Lemma 2.1, Young’s inequality, and the simple fact that

[0cballz < [ljllzes  [aybrllre < [12jllL2,
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Ji2 = /azblazu28ybl = _/UZazzblaybl —/U23zb181yb1
= Jio1 + J122
Jio1 < ‘_/’Uanxblaybl
< Ozl luzl|3 |10y uzll3 10y b1 115 102y b1 (13
PN AIPI b i
< CI||(9:M'H2HU2||22 w3 15112 1925113
< EH@JH% + Clluz|l |5ll2llwll2-
Similarly,
Jio2 < ‘_/UZazblaxybl
1 . .
< @H@zﬂ\% + Clluzl| [|7]l2]lwll2
Jy < '/arbl ayulj‘
< Cl|0zb1|3 (|022b1]13 10y ua |3 [|0yyual|3 |12
1 . .
SR [18yyuall3 + 11025115] + C([10b11l5 + 110y uall5) 15115
J3 < '/amul 8acb2j‘ < /|(ula:c$b2j+ulaxb28xj)‘
3 P 13 3 3 3 3 .
< CllualZ 10y |13 171131102113 1022022 + Cllua |3 [|0ywr |3 [|0xb2l|3 || Oabzll3 [|0xi]l2
1 . .
< @Halelg+C|\u1||§||5yu1|\§\|3||§
J4 S '/amul ayblj‘ § /|(ulamyb1j_ulaybljw)|
< Clluall3 [0y 13 115113 1027113 102y b1 |2 + Clluall3 |0y urll3 [|Oyb1 |3 102y b1 15 117z |2

IA

1 ) .
= 1023113 + Cllua 3118y 13115113
48
Combining these estimates, and using Gronwall’s inequality, we have
llwl| oo (0,752 (R2)) + 71|22 (0,7;22®2)) + IV Oyurll £2(0,7;22(R2)) + 1027 L2(0,7;22(R2)) < C.

This completes the proof of Theorem 1.1.

4. Global regularity of weak solution

This section focuses on the global regularity of weak solution. More precisely, we prove the following
theorem.

Theorem 4.1. Assume that (ug,by) € H2(R?), V-ug = 0 and V-by = 0. If, for some T > 0, fOT |0zzuz|ls < oo.
Then, (1.2) has a unique global solution (u,b) satisfying (u,b) € L>([0,T]; H?(R?)).

Proof. The local well-posedness follows from a standard approach, the proof of Theorem 4.1 reduces to
obtaining a global a priori bound for ||(u,b)| g=.

Taking the inner products of (1.3) with Aw and Aj, adding and integrating by parts, we obtain.
1d

§dt(|\Vw||§ +IViI3) + 1A0yur[|3 + IVOs5l13 = L1 + Lo + Ly + Ly + Ls (4.1)
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where
le—/Vw-Vu~de:pdy, Lg:—/Vj-Vu~demdy,
Ly — 2/% VbV dedy,  La— Q/V[azbl(azuz +0,uw)] - Vj dady,
L; = 72/V[8xu1(8wb2 + 0yb1)] - Vj dzdy.

L, = —/(Vw-Vu-Vw) dady

- / (0pu1 (02w)? + Opu20,wIyw + Oyur Oywiyw + Oyus(yw)?)
= L1+ Lia + L1z + L1g

L11 = —/azul(azIUQ)Q —/aIU1(ag;yu1)2+2/azulazzu28zyul

’/ 617“1(611“2)2 ’

IN

C|0zzu2||a]|Ozauz||2]| Oz ua |2

IN

1 1
CHaa:ﬂQ||4||6wmu2|‘2“aa:ul||22 ||V8wu1||22

CllOzzus|lal| VI3 [|Oua |3
Cl0agualls (Vw3 + [lw]3).

ININ

We have applied Young’s inequality, Theorem 4.1.

’/835’&1(33@11/1)2‘ ‘Q/ulaxyulﬁmyul

1 1 1 1
CllOzayuall2lluill3 0yuall3 10zyurl3 || Oayua |5
1 1 1 i
CllOzyyuzll2|lur]|3 [|Oyul|3 |0zyua3 | ADyua |3
3 1 1 1
Clloyywl|3 lua I3 [10yurl|3 (| Owyur [|3

1
15 10ll3 + 13110y 3] Vell3

IN AN A

IN

< Cll0yurll2[|Onauzllal|Onyuslls

< Cl|0szuzlla([[Vel + [lwll3)

’2 / 021 Oy 0pyun

L12 = /8xUanwayw

= /Ozugﬁmug@zyug —/azugamwayyul —/aquazyulazyug - /&EuQazyul@yyul

’/GIUQaIIUQaszQ _/azu28zzu28yyul

< O 0zzuz||al|Ozuz||al|Ozyuzll2 + C|lOzzuz| 4] Ozl 4] Oyyua l|2
< C|Osguz|la(|[ Vw3 + [lw]3)

IN

1 1 1 1
[ 22101002 = [ 0cu0ny 0,10 | < ClonyllalOral 10l 10y 10rs 1

1 1 1 1
+ CllOzyurl2]|Ozuz |3 |Oxyuzll3 10yyuall3 |Oyyyur ll3
1 1 1 1
Cll0zyurll2l|Ozuzll3 (Vw3 [Vl |0yywll3
1
15 100ll3 + (102123 + |19zywall3 + 1) Vell3

IN

IN
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™~
()
N

< ‘/%ulawwayw’

1 1 1 1

CllOyur |3 |0zyu[|3 0zwll2]|Byw]l3 [|Oyy |3
2
CllOyywll2l|Ozyur|l2[0yw]l2 + ClIVw]2

1
5 100llz + CU102yum 3 + DI Ve]3

IA N

IA

L14 S ‘2/’1.@8”&)81/1/(4)

} o wld 3

Clloyywllzlluzl|3 [[0zuz|3 |0ywll3 |8yywl3
3 1 1 1
CllOyywl|3 l[uzll3 lwll3 [Vewll3

1
1 10wllz + Cllusll3]lw 3] Veoll3

A

IN

IN

Ly = —/Vj-Vu-dexdy
_ / (Bgtur (D)2 + By D0y + Byun (D) + Oyunds iy )
= Loy + Log + Lag + Loy
Lot < Cll0ujll2llOcun 15 10y 13 10113 1050 15
< CJwll3 102y I3 1931121190515
< 51V 1B + Cloeyunl F10:1 19513
Loy < Cl0,url3 10y 1l| 110113 182,13 18,112
< Clwll§ 10y usllf V413 V4113
Loy < Cl0y,illalOsurll3 [0ayun 13 10,513 190y113
< CIViI3 V8,112 1013 100y 112
< 1= 190u13 + ol 10nyu 119713
Loy < Cl105uzll210,513 1024513 102413 102,113
< Clwll2|Vl2I V0112
Ly = /8Iw81b181j+81w81b28yj+8yw8yb1jz + OywOyba0yj

= L3; + L3z + L3z + L3y
L3 < ‘/ O0pw03b10,7

C|0zw[21020113 [|02201 15 02115 |02y 7 1|5
T Y IE By

Cll0zwl2][0xb115 IV 515 1027115 [ 02y 713

Cl102i 121V jll2 + 102l [|02b1 || [|0zw]|3

1 ) ) ,
< 35lIVoeills + CIOaball3 + 1925115 + D(IVe]l3 + [ V513)

IA

INIA

1. ‘ :
Lga < 2lIVialls + C(10:ball3 + 102511 + DIVl + [1V5]2)

1 1 o1 It
Lsz < C[|0yb1[[3 10yb1[13 1102113 [| 02y lI3 [ Vw]l2
1 1 o1 1
< Clilz 1102313 IVil3 VO3 | Vwll
1 . . . .
< @HV@JH%+C\|aa:]||§||vj|\g+CHJ||2HVW||§



L3y

VANRVAN
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Ly =

Ly

Lys

L421
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Lyos
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IN

ININA

IN
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1 1 o1 et
Cll02b1]13 |02y 1|3 110y113 (| Oy ll3 V]2

1 1 1 1
Clillz 11025113 Vil 3 [IVO=1I3 [[Vwll2
1 . . . )
@IIV@JH%+CH8$J||§||VJH§+CHJII2HVwII§

2 / V[0ub1 (Ot + Oyur)] - Vj dady

2/&; [02b1 (Ozua + Oyur)]je + Oy[0zb1 (Ozua + Oyur)|jy dady

Ly + Ly

‘—2/811)1(8”2 +ayu1)axxj

C(HaaibleaH?zybl\lg\|3zu2||§||3zyuz||§ + C|0:b1]13 (| Ouy b1 [|3 10y url|3 (| Ouyrua 3]0zl
Ci||j\|2E V3113 Nlwll3 llewy 15 1V O]l

@HV&@JH% + Cllwl2llill2(IVwl3 + 1V33)

2 / (Duyb1Butiz + Dab1Ouyiis + Doybrdyus + 0b1y,11)0, ] dady
Lyo1 + Lago + Lyo3z + Loy

1 1 1 L
Cll0zuz||2[[ 0wy brll3 19eyyb1 3 1057113 1192y 7112
CllwlizIVill2V Ozl

1 . .
@IIV@JHS+C\Iw\|§IIVJII§
1 1 1 1
Cll02b1 13 1|02y 1|3 [|Ozyuzl2]|0y 13 [|Ozyi I3
1 et o1 it
ClliN3 110231153 10zl [V ll3 1V O3
1 . . . .
@IIV@MH%+C\I0xJII§IIVJH§+CIIJII2HVWI|§
1 1 1 1 .
CllOaybrll3 102y 13 10y us]|3 (| Ozyua [l 10y 12
1 1 1 1 )
Cll02513 VO |13 lw|3 10zwl|3 [ V]2
1 . . .
@IIV@JH%+C\Iw\I2IIVJ||§+CH<9IJH§IIVwH§
1 1 1 1
Cll0yill2l0zb1113 |02yb1 |3 10yyurll3 |0wyyua I3
1 et 1 1
ClIVill2llill3 11023113 [[Vwl|3 (| Oyywll3
1 . . .
@Hayyw”%+C||3:cj|\§\|vw|\§+CHJ||2HVJH§

2 / V(01 (Bbo + ,b1)] - Vi dady
Lsi + Lsy
3 3 3 3 , 3 3 3 3 "
CllOzur |13 10zyua |15 1026213 | Owaball3 1 0zaill2 + CllOzua |13 |0zyur I3 [|Oyb1 |3 (| Owybr (13 1022113
Cllwl 3 IVwli3 15113 1Vll3 1V Oxzjll2
1 . . .
@HV@@JHg + Cllwll2llill2(IVwllz + 11V53)
-2 /(amyulaLbQ + 81U16L1/b2 + axyulaybl + 8xulayybl)ay] d:l?dy
Ls21 + Lsao + Ls2z + Liag
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Lso1 and Lsoo can be bounded as,

1
Lgoy < —
521 = g

1 2 2
Lsgs < @IIV@CII% + Cllwl|3 |0zyurll3 I V4]13

IV0:5113 + Cll0:313 + 51D UIVZ + Vew3)

1 1 1 1 )
Lsos < C||8wyul||22 ||awyyul||22 ||8ybl||22 ||8wyb1||22 ||8yJ||2

< Cllwoy 3 oy I3 15103 13213 19311

< Cllwyy 131955113 IV wl13 1313 1 V112

< 45100 1B + CIOFIBIVIE + Clillal 7313
Lsza < Cl10yillall@str |3 19ayur 3 19,5113 12001113

< CIVillzllwll3 19ayur |3 19513 1985113

< &IV I3 + Clowun IV + w1 V13

Inserting the estimates for Ly, Lo, L3, L4& L5 in (4.1) and applying Gronwall’s inequality, yields the desired
bound. This completes the proof of Theorem 4.1. [
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