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1 | INTRODUCTION

The purpose of this paper is to study the global existence and regularity of classical solutions to the 2D incompressible
magneto-micropolar equations with partial dissipation. The standard 3D incompressible magneto-micropolar equations
can be written as

Ot + (u- Vyu+ V(p+31b|%) = (4 + )Au+(b- V)b + 24V X o,
o+ WU -Vo+2yw=xAwo+ (@a+p)VV-0+2yV Xu,
V-u=0, V-b=0,

where, forx € R3andt > 0,u = uxt),b = bx, i), = wixt) and p = p(x,t) denote the velocity field, the
magnetic field, the microrotation field, and the pressure respectively, and u denotes the kinematic viscosity, v the magnetic
diffusivity, y the vortex viscosity, and «a, f, and « the angular viscosities.

The 3D magneto-micropolar equations reduce to the 2D magneto-micropolar equations when

u= (U1(x, Y, t)’ Mz(x, Vs t)9 0)5 b= (bl(x9 Y, t), bZ(x’ Vs t)s 0)3
o =(0,0,00x,y,1), 7=nrxy10),

where (x, y) € R?, and we have written 7 = p + %Iblz. The 2D magneto-micropolar equations can be written as

ou+Ww-Vu+Vr =+ y)Au+(b-V)b+2yV X w,
otb+ (u-V)b=vAb+ (b-V)u,

2

dw+ U -Vo+2yw=xkAw+2yV Xxu, @)
V.-u=0, V:-b=0,

where u = (U,U3),b = (b1,b2), V X 0 = (= 0yw,0xw)and V X u = oyl — dyu;.
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A generalization of the 2D magneto-micropolar equations can be written as

(Ot + (U - VYU + 0x7r = p110xcls + p120yyU1 + (b - V)b — 2 y0,0,

a[uz + (Ll . V)uz + 6y7r = /4216;ocu2 + llzzayyuz + (b . V)bz + 2;{6xa),

6tb1 + (u . V)b] = vuaxxbl + Vlzayybl + (b . V)ul,

4 0tby + (U - V)by = v210xcby + va2dyyby + (b - Vuy, 3)
0w+ (U-V)w+2yw = K100 + K20,,0 + 2y V X U,

V-u=0, V-b=0,

[ u(x, y,0) = up(x, y), b(x, y,0) = bo(x, y), o(x, y,0) = wo(x, y)

Ifpuyy = My = My = My = M, V11 = V2 = Vo1 = Va1 = v,and k1 = k = k, then (3) reduces to the standard
magneto-micropolar equations (2). For notational convenience, we set y = % for the rest of the paper.

The magneto-micropolar equations model the motion of electrically conducting micropolar fluids in the presence of a
magnetic field. The above generalization is capable of modeling the motion of anisotropic fluids for which the diffusion
properties in different directions are different. Furthermore, (3) allows us to explore the smoothing effects of various
partial dissipations.

The equations for Q@ = V X u, the current density j = V X b, and Vw can be expressed as

QU - VQ = — 11 0%yt — U120yl + 21000l + pH220xyyUis + (b - V)j — Aw,
jt+tu-Vj= —Vuaxxybl — Vlzayyybl + V21000cbsy + szaxyybz +b-VQ
+20xb1(0xu2 + 0yu1) - 26xu1(0xb2 + 0yb1), (4)
Vo + V(- Vo) + Vo = k1 Vo + k2Vo,, + VQ,
V.-u=0, V-b=0.

The global regularity has been established for the following three cases by D. Regmi and J. Wu in their study.!

® Uy = Uy =0,vy1 = v =0,k = 0,95 = iy = L,kg = vy =vp =1,
® uyp = pp = Lvy = v =0,k =0,y = iy = 0,k1 = vip = vip =1,
® Uiy = pyp = Lvyy = v =0,k =0,y = 3 = 0,k1 =vip = vip = 1.

In addition, the global regularity of the following two cases has been settled recently by Y. Guo and H. Shang in their
study.?

® iy = Uy = 0,vyy = vy = 0,k1 = 0,415 = gy = Lk = vi1 = vy = 1,
® upp = py = Lvio =vy =1Lk =145 = pp = 0,61 = vy = vy = 0.

In this paper, we study the regularity of the following three cases.

Casel: pyjp = pyp = 0,vin = va1 = 0,1 = 0,4y = pyy = Lky = vip = vpp = L.
More precisely,
Oy + (U - V)ug + oxr = (b - V)by — 0y,
oy + (U - Viu, + ayﬁ = Ol + 6yyu2 +(b- V)bz + oo,
0,b1 + (u- V)bl = dyybl + (b -Vuq,
Y 0tby + (u- V)b, = 0,,b; + (b - V)uy, ©)
0w+ (U-V)w+w=0,w+V Xu,
V.-u=0, V-b=0,
L u(x, y,0) = uo(x, ), b(x, y,0) = bo(x, ), o(x, y,0) = wo(x, y).

Case2: pyy = M1y = Hap = 0,vi1 = vy1 = 0,k = 0,4y = Lky = vip = vy = L.
More precisely,
Oty + (U - Vug + oxr = (b - V)by — 0y,
atuz + (u . V)le + 0y7r = axqu + (b . V)bz + 6xa),
Otbl +(u- V)bl = 0yyb1 + (b -Vuy,
3 0,b2 + (u- V)bz = ()yybz + (b -V)u,, (6)
ohw+ WU-Vo+w=0q0w+V Xu,
V-u=0, V-b=0,
Lu(x, y,0) = uo(x, y), b(x, y,0) = bo(x, y), o(x, y, 0) = wo(x, y).

Case3: pyy = Hyy = Uy = 0,vi1 = vo1 = 0,k1 = 0,45 = Lkp = vip = vyp = L.
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More precisely,

(Oiu1 + (U - V)uy + oy = 6yyu1 + (b . V)bl - dya),
Oy + (U - V)uy + 0y = (b - V)b, + 0,00,
diby + (- V)by = dy,by + (b - V)uy,
Y iy + (1 - V)by = dyyby + (b - Vs, (7

0w+ (U-V)wo+w=0,0+VXu,
V.-u=0, V-b=0,
L u(x’ Y, 0) = uo(x5 Y), b(x’ Y, 0) = bO(x7 J/'), a)(x’ Y, 0) = wo(x’ y)

In this paper, we establish the global regularity for the (5). We prove the following theorems.

Theorem 1.1. Assume (i, by, wy) € H>(R?), and V - uy = V- by = 0. Then, (5) has a unique global classical solution
(u, b, w) satisfying, forany T > 0,
(u,b,w) € L¥([0, T]; H*(R?)).

The global regularity is extremely hard in the cases 2 and 3. The dissipative term is not sufficient to control nonlinear
term in (6) and (7).
We prove the following result.

Proposition 1.2. Assume (ug, by, wy) € H'(R?), and A - uy = A -by = 0. Then, (6) has a unique global classical
solution (u, b, w) satisfying, forany T > 0,

(u.b, ) € L*([0, T]; H' (R?))
provided fOT 10y ul|Bpo dt < co.
One can easily prove the following result.

Proposition 1.3. Assume (ug, by, wy) € H'(R?), and V - uy = V -by = 0. Then, (7) has a unique global classical
solution (u, b, w) satisfying, forany T > 0,

(u,b,w) € L¥([0, T]; H'(R?))
provided fOT (1051 Brmo dt < oo.

When w = 0, the magneto-micropolar equations become the magneto-hydrodynamic (MHD) equations. When b = 0,
the magneto-micropolar equations become the micropolar equations. It is worth mentioning that all the results presented
here are true for aforementioned equations. There are several global regularity results for the 2D MHD, and the 2D
micropolar equations with partial dissipation are available (see, eg, the previous studies*?*2).

The mathematical study of the magneto-micropolar equations started in the seventies and has been continued by many
authors (see, eg, the previous studies>*?°). Some of the recent efforts are devoted to the well-posedness problem and var-
ious asymptotic behavior. In his study,?® Yamazaki obtained the global regularity of the 2D magneto-micropolar equation
with zero angular viscosity, namely, (2) with k¥ = 0 and other coefficients being positive. Another partial dissipation case
for the 2D magneto-micropolar equation was studied in Cheng and Liu.*

The main idea to establish the global existence and regularity results consists of two steps. First step is to show local
well-possedness, and the second step is extending the local solution into a global one by obtaining global (in time) a priori
bounds. The local well-posedness follows from a classical approach, and we omit here. The main difficulty is global a
priori bounds. Thus, we mainly concentrate on the global bounds. The main difficulty is obtaining H! bound because of
partial dissipation. The rest of this paper is divided into three sections. The last two sections are devoted to the proof of
theorem 1.1 and proposition 1.2.

2 | PRELIMINARIES

To simplify the notation, we will write ||f]|, for || f |z, f f for f]R{2 f dxdy and write % [, oxforf, as the first partial derivative

and ‘;27{ or Oxf as the second partial throughout the rest of this paper. BMO represents the bounded mean oscillation.
The following anisotropic type Sobolev inequality will be frequently used. Its proof can be found in Cao and Wu.*
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Lemmal. If f,g, h,d,g, doch € L*(R?), then

/ /]R 1fghl dxdy < CII 2 gl 19,8113 I3 llochll;. ®)

where C is a constant.
The following simple fact on the boundedness of Riesz transforms will also be used. Its proof can be found in Chemin.*

Lemma 2. Let f be divergence-free vector field such that Af € LP forp € (1, ). Then, there exists a pure constant

C > 0 (independent of p) such that
2

c
VAl <
p-1

IV X fllLe-

3 | PROOFOF THEOREM 1.2

We first prove the global L?-bound.

Lemma 3.1. Assume that (ug, by, wp) satisfies the condition stated in Theorem 1.1. Let (u, b, w) be the corresponding
solution of (5). Then, forany T > 0, (u, b, ®) obeys the following global L*-bound:

T
w7, + Ib®II7, + llo®II7, + 2/ l10x142, 9,217, de
0

T T
+2 / 19,b(0)12,dz + 2 / 19,0(@)I12.dz < C(l (o, bo, wo)II2),
0 0

where C depends on T and initial data.

Proof. Taking the L?-inner product of (u, b, w) with (5), respectively, yields

1d
2dt

+llwy @5 + llo@l3 = 2 [/(Gxuz — dyupwdxdy| .

(Ilu(®), @(@®), bO13) + 19x142(2), dyu2 ()13 + 110yb1(7), 9,b2(D)I3 ©)

The right hand side can be bounded as
1 1
2 [ [ @ - ayuowdxdy] < S 10113 + SNl 13+ CCll@l3 + I1uld).

After applying Gronwall's inequality, we obtain
1 T T
5 (@, 0@, b)II5) + / [10:142(7), 9y u2(0)13) d + / (19yb1(2), 9,2 (2)I13) d=
0 0

T
N / (U, @I + llo(@I?) dr < C.
0

The next step is to prove the global H'-bound for u, b, and .

Proposition 3.2. Assume that (ug, by, wp) satisfies the condition stated in Theorem 1.1. Let (u, b, w) be the corresponding
solution of (5). Then, (u, b, w) satisfies, forany T > 0,

(u, b, w) € C([0, T); HY). (10)

Proof. To estimate the H'-norm of (u, b, ), we consider the equations of Q = V X u, Vw and of the current density
j=V xb,
Qi+ U - VQ = 0ol + OxpyUz + (b - V)j — Aw, 11)

j[ +u- Vj = —0yyyb1 + axyybz +b-VQ+ 26xb1(6xu2 + dyul) - 20xu1(6xb2 + 0yb1), (12)
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Vo +V(u-Vo)+ Vo = Vo,, + VQ, 13)
V-u=0, V-b=0.

Dotting (11) by Q, (12) by j, and (13) by Aw, we obtain

1d

> (117, + NI, + IVell3) + IVouta, Vo, us 15 + 110,117, + [ Ve |l5 + (I Vall3

=2/ [0xb1(Oxttz + Oyu1) j — 01ty (Oxbz + 0,b1)] jdxdy—/Va)-Vu~Va)+/Vco~VQ

=h+hL++0+05+ 6.

We now estimate the terms on the right.
1 1 1 1
5= / Oubrsttsj < ClIaea 12 119wy I 119t |I2 110y 2 1111

1 .
< 4_8(||vayb“§ +1IVo,us13) + Cllostia|I3 + 19, b2 1D 13-

< ‘/axbl oyuy j

J2, J3, and J; can be bounded by

J3 < ‘/axulaxsz

1 1 1 1
+ Clluzll; lloxuzll; 19xb2l; 10xy b2 15 119,112 < Ellayjllﬁ + Cllua |3 10z 11311113

Jy < ‘/ Oxly dyb j

1 1 1 1
+ Clluz |l l|oxuzll; 10yb1 15 10yyb1 15 10y ll2 < Ellayjllﬁ + ClluzliZloxu2 3 15115-

Similarly,

1 .
=| [ oo @b abu| < 0,118 + il B + Dl

1 1 1 1
< / |(U20xyb2j + 205020, /)| < Clluall; 9z 15 11115 11054113 110xyb2 2

< / |(20,yb1j — u20yb10,)| < Clluial| ll0xua |1 11113 1104113 19yybr Il2

To bound Js, we use A - u = 0 and integrate by parts to obtain

Js=— / Vw-Vu-Vo = — / Ox Uy Oy Wy — / 0yUr @y, — /(0xu2 + 0yU1 )wx@,.

The terms on the right can be bounded as

/0xu1wxcox52 /uzcoxycox

3 1 1 1
< Clloxyll; IIUzII2 |lox M2||2 llooxll; <
‘/ulwya)xy
< EIIV%IIZ + Clluali3ll0,0l1511€215.
'/axuza)xwy

The following term can be split into two parts

/()yulwxa)y=—/u1wxya)y—/u1wxwyy.

1 1 1 1 3 1 1
< Mlaxyllzlleoyll; oy |15 Tudll; 10xurll; < [IVayll; llwyll; lurll; [|0yuzll;

1 1 1 1
< Cllogll2lluzll; IIaxu2I|22 lleoxll llexyll;

18 IlwxyII2+CIquII Il 0x uzll IIVwI|2

<C|wayIIzIIM1II 1119y u1|I ||5xyw|| I|5yw|I2 <C|wayll ||u1|| IIQII II()waI2

Furthermore,

1 1 1 1
< loxuzlizlloxll; llowyll; oyl ol < lloxtall2llVell2 || Vaxy |l

1
< &IIV%H% + Clloxus 131 Vall3.

Observe that

‘/ Uy Wxy @y

1
< EIIwalli + Clliwli3ll9,u2 1131 Vell3.
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‘/ U1 Wy @y

1 1 1
< Ny llzll@xll; llaxyll; 1 |l 1| oxt |

1
2

3 1 1 1
< IVayli; IVl lludll; lloyuzll;

1
< &IIwalli + Cllu 3110, ua 13 I Vell3.

To estimate Jo, we first integrate by parts to obtain

J6=2/Va)'VQ=—2/wxe+2/wny.

The terms on the right can be bounded as follows.

1
‘/wyyﬂ‘ < lloyyll211€2l2 < E||vcoy||§ +CllQll?,

/wax = /(wxaxxuz — WxOyyll1)
‘/Cl)x()xxuz
‘/wxaxyul = ‘/a)xyaxul

Combining the estimates above, together with Gronwall's inequalities, we obtain

< ClIVoll2ll 0wzl

< CliVayll2ll0cu |l

t
115 + 114113 + [IVoll3 + / (I1V0xua, Voyuall3 + 119,113 + IV, I3 + IVeoll3) dr < €
0

forany ¢t < T, where C depends on T and the initial H!-norm. This completes the proof of Proposition 3.2. O

3.1 | Global H? bound and the proof of Theorem 1.1

Proof. Ttsulffices to establish the global H?-bound in order to prove Theorem 1.1. The rest of this proof establishes the
global H?-bound.
Applying A and taking the L? inner product of (11) with VQ and (12) with Vj, and integrating by parts, we obtain

%%(IIVQH% +IVjlI3) + |Adctia|l3 + 140,15 + IVOyjll; = Ly + Ly + Lz + La + Ls + Le, (14)
where
L =—/VQ-Vu-Vdedy,L2=—/Vj-Vu-Vj dxdy,
Ly = 2/ VQ-Vb-Vjdxdy, Ly = 2/ V[0xb1(0xus + dyuy)] - Vj dxdy,

Ls = —2/ V[0xu1(0xby + 9yb1)] - Vj dxdy, Le = / AQAw dxdy.
Applying A to (13) and taking the L?-inner product with Aw, and integrating by parts, we obtain

%%IlAwl|§+2|IAa)y|I§+||Aa)||§=/AQAw—/A(u-Va))Aa)EL6+L7. (15)
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Adding (14) and (15) yields

1d

EE(IIVQH% + VIS + 1Al3) + | A0 |l3 + 140,113 + [IV,j1I3 + 2l Awy I3 + Aol

=I1+Ly+Ls+ L4+ Ls+ 2L+ L.
Because of Q = A X u, the following facts are very useful to prove the theorem.
0)“9 = Aaxl/lz, any = —A()yul, 6ny = Adyuz.
We now estimate L; through L,. We further split L; into four terms.
Li=- / VQ - Vu-VQdxdy = —/ (axul(axsz)z + 0xU0,20,Q + 0y,U10,£20,Q + ayuz(ayg)z)

=Lq11 + L1z + L13 + Lqg.

Now,
Ly = —/axul(axxuz)z—/axul(axyu1)2+2/axulaxxuzaxyul.
Integration by parts yields
/axul(axxu2)2 =- / OxxU1 OxxUpOx Uy — / OxU1 Ol Oxlly = L111 + Lo,
which can be bounded as
1 1 1 1 3 1 1 1
Lin < Cl|oxctiz||[|0xctt ]| [10xxytts |1 10xu2]l; [[0xctiall; < Clloxctiall] [[0xctin |l [|Adxuz|l5 [[0xuz]l 5
< 180013 + Cllowts 10t 1 10,21
Luts < Cllowtta lall0stn 12 1oyt I 10:tall? 10isa )2 < CllAGL IR VR l10010
< %HA@xuzllé + ClIQIL 91 |21 VR[5

By Lemma 1,

1 1 1 1o 2 2
Ly = /axuzaxgayg < Clloxuall; ll9xyua I 110,R2112110:8211; |0 L215 < &”axe”% + ClIQ1; 9wt |15 IV

: P
Ly < ’/OyulaxQGyQ < Clloyur[l2110xy €121 9,215 10:L2]15 < 4_8”0ny||§ + Cllo,m |15 1Vell3.

L < ‘2 / 110,Q05,Q| < Cl10x, Q1 llus 12 110,11 112 110,12 (|94, 21 2

1 1

3 1
B B 3 3. 1
< Clloxy Q1 [Tuall5 11 VLS < 4_8“6ny||§ + Cllur [IZ1IQU31 VL.

To estimate L,, we write it out explicitly as
L2=—/Vj-Vu~Vj dxdy

=- / (axul(axj)z + ayuvlax.jayj + ayuz(ayj)z + axuzaxjayj)
= L1 + Lo + Loz + Log.

The terms on the right can be bounded as follows.

1 1 1 1
Ly = ’_2/u2axjaxyj < CllOxyjll2 10 11 0y 11 luzll; [ Oxuiz I -

1 . .
< &llvay]”% + Cllwa|3lloxu 1311 V.j113-

1 1
AT . 1 ; ;
Lyy < Clloyun |l2110x/ 115 11057115 10xyill2 < Ellvayjlli + Cllo,u 311V 13-

(16)
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Similarly,

1 . .
Ly < &Ilvayjllﬁ + Cllua 1AMV 13-

1 1 1 1
Lag < Clloxuz|l2110yj 115 10xyill5 10xj 115 1 0xyill; < ClLIIIVill2lI VOl
We now turn to Lz. Observe that
L; = / axdebldxj + axdeb2dyj + ()yQ()ybljx + ayQaybz()yj
= L3y + L3y + L3z + L3a.

The terms on the right can be bounded as follows.

1 1 1 1 1 1 1 1
Ly < /0x90xb10xj < Cllox&l2110xb1 15 10xcbr |15 0% 115 10y ll; < ClloxQ2110xball; 10y 115 10 1I5 11 0xyi I

< Cll0xjll2lIVayjllz + 10,1195 [H10: 2115 < 4—18IIV0yjII§ + C(ll9xb1 113 + 19,4115 + DAIVERIIS + IV 13)-
The last three terms admit,

Ly < %IIVayjllﬁ + C(lloxball3 + 110,117 + DAIVRIIS + IVll3).

Ly < %II%J’II% + C(ll9xb1 113 + 110,115 + DAIVERIIS + IV 13)-

Ly < %Hvayj”; + C(l19,j115 + lill2 + DIV + IV/13)-

‘We now estimate L.

L, = 2/ V[0yb1(0xUz + dyus)] - Vj dxdy

=2 / Ox[0xb1(0xUz + 0yU1)1jix + dy[0xb1(OxUz + 0yu1)1jy dxdy

= Ly + Lgs.

We bound L4; and Ly, as follows.
Ly = /6xxb1(3xu20xj + axblaxquaxj + 0,ocb10yu20xj + 6xb10xyu10xj.

Now,

1 1 1 1
‘/axxblaxu2dxj+axxblayu20xj < Clloxyball2lloxuiz 1] Nl Oxctiz |1 110115 lOxyj I3

1 1 1 1
+ Cll0xybz 2110yt || [0y ta |1 10115 1l Oxyj Il 5
1 1 1 1
< Clloyj 211V oyl lloxull; VIS TVl

1 . . .
< 4—8||V0y1||§ + C(119,j115 + axullDAIVIIZ + IVQIE).

‘ / Oxb10xcz 0 + 0yb1Oxyut1 0y | < Clloeti 211051112 (101 112 110112 119y 11 2

1 1 1 1
+ Clloxyunll2[l0xb1 |5 | 0xbi |5 110x11 5 110xy il 5
1 . . .
< Ellvay]”% + C(lloxur |15 + lloxball3 + 110,115 + DAIVRII5 + [IVlI35)-
L4, can be written as
Ly =2 /(0xyb16xu2 + 6xb10xyu2 + dxybldyul + dxbl()yyul)dyj dxdy = L4p1 + Loy + Laos + Lygps.
The bounds for the terms on the right are given as follows.

3 A A 3 . . 1 _ .
Lazn < Clloxuz|l2|0xyb |15 110xyybr |l 10,7115 0%y 1l < CNLRIVill2lIVOyillz < 4—8IIV0yJII§ + ClIQIZIV,lI3.
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1 1 1 1 1 1 1 1
Lazz < C|0xb1 |15 10xyb1 I 10xyt2 |20y 115 10xyill; < CHIFNS 10y ll5 10UV IV yill;
1 . . . .
< EIW(MII% + Clloy ISV 115 + Clill2 I VES-
Other terms admit,

; ; : TP 1 . . .
Lazs < Cll0xybr I 1| 0xyybi 17 10y ua 15 10xya ]l 10y 1l2 < EIIVayjllﬁ + ClIQILNIVII3 + Clloy I 1IVEl3.

1 1 1 1
. 3 3 3 51 . . .
Laza < Cll0yjll2110xball; 110xybr |l 110yyuan 15 1 0xyyria [l < %”‘)xygllg + Clloyj I31IVEII5 + ClLill2 V13-
We now estimate Ls. More explicitly, Ls can be written as

L5 = —2/ V[axul(axbz + 6yb1)] . V_] dxdy

= _2/ ax[axul(axbz + aybl)]axj + ay[(axurl(abe + aybl)]ayj dXdy
= Ls; + Lsp.
Ls, is bounded as follows.
1 1 1 1 1 1 1 1
Lsy < Clloxus||5 10xytaa || 10xb2l15 1| 0xxcb2 |l 10y ll2 + Clloxus |5 1| 0xytta [l 19yb1 115 1| 0xyba I 10y 2
3 CTE . . 1 ; . .
< RISV IS TVl IVayjlla < E”deJllg + ClIQILILUIVRII5 + IVl
Ls; contains four terms.
L52 =-2 /(axxulaxbz + ()xulaxxbz + 6xxu10yb1 + axulaxybl)dxj dxdy

= Lsy1 + Lsa + Lsyz + Lspa.
These terms are estimated as follows.

1 . . . .

Lsa < 2 lIVay1I5 + CCIays 15 + BV + V).
1 12 3 I

Lsyp < Envaﬂ”z + C||Q||2 ”axyul”z ||VJ||2~

1 1 1 1 1 1 1 1
Lsys < Clloxtull; 19xytiall; 19yb1 115 10xybrll; 110xjll2 < Cll eyl 105115 IV 11 1TV 1l

1 . . .
< &”axygllg + ClIayjI31IVI3 + Cl NNV 4113

Lsss < Clow al10ats 12 10eyt02 1 1y 12 10eyybr I3 < Cllay I 10wt 12 197112 1V,
< 2 1190,J1 + I IZIVEIS + Q1LY I
Lg can be easily bounded.
Lo = / AQAw = / AQsts — Oyu1)Aw
with
/ AdatAw < [|Adys | Al ] / AayulAw’ < llAulll| Al

We now estimate the last term L.

L;=— / A(u-Vo)Aw = — / A(U1010 + U0,0w)Aw
=—/0xxuldxa)Aw—/amu20ywAw—/0yyu16waa)—/0yyu2()ya)Aw

—2/0xu16xxa)Aa)—2/6xu20xywAa)—2/éyuldxywAw—Z/()yuzayywAw

=Ly +Lyp+ Lys+ Lyg + Lys + Lyg + Ly + Log.
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Now,
Ly

< / amulawaw‘ < Cllowtt 21l 12l [|Awo]: [|Adyol) 2

1
< @IIMywlli + C(IVall; + 0t 1D A3
Similarly, we obtain
1
Lp < &(IlMywlli + [[Aoku213) + ClIVel5UIVRIS + [[Ao]l3).

Ly = '—/0uu10xywAa)—/0yu10xa)Adyw

1 1 1 1 1 1 1 1
< Cliogollzlloyull; 19wy urll; | Awll; [[Adywll; + CllAdyw|l2[|0yus [l l|dxyua |l 10wl | dxyeoll ;

1 1 1 1 1 1 1 1
< ClIVoyoll2ll0yu |l IV [ Awll; [|Adyo|l; + CllAdywll2lloyusll; IV lloxell; | Voywll;

1
< @IIAaywllﬁ + C(lloyur |I5 + IVo,oll5 + DAV + lAwll; + [ Vaoll3).
Similarly,
1
Ly < &(IIA()ywlli + Aoz |13) + ClIVoll5(IVRIS + | Awl]3).

1
Lrs < &IIAaywllﬁ + CUIQIIS + g DN Awll3.

1 1 1 1
Ly = ‘—z / axuzaxywAw‘ < Clagollall vl [ Ado| 1211} 12l

<ClIVo,oll2llAw|2 [|Adyw|I2 || 0xuall2 | VRIIZ
1
sEnAaywni + C(IVa,0l2 + [10:u2 1DV + |Aw]]?).

1 1 1 1
L= ]—z / ayulawaAw‘ < Cllagoll2 | Awl: 12,0112 13,1112 1|12

1 1 1 1
< ClIVoyoll2l|Awll [|Adyell; lloyull S IV,

1
< &IIAt)ywlli + C(IVo,mll5 + 110,u1 DUV + [ Aw]l3).
Finally, note that
1
Lz < ﬁ”Aaywllg + C>I215 + 10wt 1) A3

Collecting the estimates above and applying Gronwall's inequality, we obtain the desired global H?-bound. This
completes the proof for the global H?-bound. O

4 | PROOF OF PROPOSITION 1.2

In this section, we prove proposition 1.2. We can easily prove the following L?-bound.
Lemma 4.1. Assume that (uy, by, @) satisfies the condition stated in Theorem 1.2. Let (u, b, w) be the corresponding

solution of (6). Then, forany T > 0, (u, b, w) obeys the following global L>-bound,

T T T
HuC@I2, + 1B, + o2, +2 / ool dr +2 / 1,60 12.dz + 2 / laseo(D)I12,d < C(luto, bor o) 12).
0 0 0

Proof. To estimate the H'-norm of (u, b, w), we consider the equations of Q = A X u, Aw, and of the current density
j=AXDb,

Qi +u-VQ =0l +(b-V)j— Aw, 17
Ji+u-Vj=—0,,b1 + 0d¢yybs + b - VQ + 20:b;1(0xlis + 0yU1) — 20,u;1(0xb2 + dyb1), (18)
Vo +V(u - Vo) + Vo = Vo, + VQ, (19)

V-u=0, V-b=0.
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Dotting (17) by Q, (18) by j, and (19) by Aw, we obtain

d ; ;
T, (IRUZ, + 14117 + IV@ll3) + l0xtnll3 + l0atiall3 + 10,7117, + [ Vexll; + 2 Veoll3

SN

= z/ [0xb1 (0.2 + Oyu1) j — Oxtt1 (0xbs + dyby)| jdxdy — / Vo-Vu-Vo + / Vo - VQ
=h+L++J0+Js5+ 6.
Invoking the divergence-free condition, we
1V0ut 12 = [19sctts 12 + [ etz 2.

We now estimate the terms on the right. Since j = dcb, — d,b1,
Jl = 2/ axblaxuzaxbz - 2/0xb10xu20yb1 = J11 +J12.
Applying Lemma 1, Young's inequality, and the simple fact that

loxballze < lljllzes 0xyballze < 119y)llz2s

we have

1 1 1 1 1 1 1 1
Jiu <2 '/Oxblaxuzaxbz < Clloxba|l21l0xtiz 1 1 0wctiz |l 110xba |l 19xyba Il < Clljll2llOxtiz 15 1 Oxctiz I 19y b2 115 119y 115

. ; 1 ; ;
< N10atia|l2110y 112 + Clloyba I l10xua 211115 < R(Ilamuzllﬁ +110,11) + C(Ul0ybII3 + 11D 13-
Integrating by parts, we have

1 1 1 1
Jiz £ ’2/0xb10xu20yb1 < ClioybalI210xuzll; lloxcuz|l; 119yb1ll; 10yl

1 .
< 4_8(||axxu2”§ +110y,b1113) + Cllloxua 13 + 19,b1 1D 113-

The dissipation is not sufficient to control J,, this is the place where Lemma 1 cannot apply. J, can be bounded as

h< ] / 0uby 0,111 7| < 110, lamsollasa i -

J3, and J4 can be bounded by

J3 < ‘/axulabej

< / |(u2()xyb2j+u20xbzayj)|

1 1 1 1 1 1 1 1
< Clluzll; Nloxuz 15 11115 110y 115 110xyb2ll2 + Clluzll; loxuz |1 [10xb21 1| 9xyb2ll 119,112
1 , .
< EII(MII% + Clluall3l1oxulI311115-
Similarly,

1
< —
“= 48

To bound Js, we use A - u = 0 and integrate by parts to obtain

10,7113 + Clluall3 10211311113

Js=— / Vo-Vu-Vo = — / Oy U1y Dy — / 0yUr W,y — /(axuz + 0y U)Wy,

The terms on the right can be bounded as

/axula)xwx <2 ’/ Up Dy, Wy

3 1 1

< Clloxy |13 lluzll; 10wzl lloxll; < = lloxyll3 + Cliuallz 1951 Vell3.

1 1 1 1
< Cllogyll2lluz i 10xuz |1 lexll; lloxwll;

i oL
2= 48

85U8017 SUOLILLOD BATea1D 3edldde aup Aq peusenob aJe e YO ‘SN JO s3I0y ARiqiT8uljuO A8|IA LO (SUONIPUOD-PUR-SLLIBYALIOD" A |IM A Iq Ul UO//SANY) SUORIPUOD PUe SWLB | 8L 885 *[220Z/0T/ST] Uo Ariqiauliuo A8|1Mm e161089 YUON JO AIsAIUN AQ TS9GBWW/ZO0T OT/I0P/W00 A8 1M ARIq | Ul |UO//:Sdny Woiy pepeojumod ‘2T ‘6T0Z ‘9L7T660T



4316 Wl LEY REGMI

'/dyuzcoycoy
‘/axuza)xa)y

‘/ 0y U1y @y

To estimate Js, we first integrate by parts and obtain

16=2/Vm~VQ=—2/wxe+2/a)ny.

The terms on the right can be bounded as follows.

/a)xe
/wny = /way = /(a)yaxyuz — ,0,yU1),

‘ ©,05,112| < ClIVoollo|0getts 2.
/wyayyul

/ a)xydyul

Combining the estimates above, together with Gronwall's inequalities, we obtain

2
< lloyuzllBmoll Veol[5

1 1 1 1
< lloxtz|l2ll@xll; lloxyll; lyll; llowll; < Clloxuz |2l Vell2|[Veoxlla

1
< EIIwallﬁ + Cllosi |31 Veol 3.

< Clloyusllsmollwxll2llwyll2.

1
< lloxll211L212 < EIIwalli +Clell3,

<19y llBmoll Vo |l

t
Q115+ 117113 + IVll + / (9wcurll3 + N9zl + 10,7117, + IVaxll3 + IVoll3) dz < €
0

forany t < T, where C depends on T and the initial H'-norm. This completes the proof of proposition 1.2. O
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