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1. Introduction

The magnetohydrodynamic (MHD) equations govern the dynamics of the velocity and the magnetic field in electrically conducting
fluids and reflect the basic physics laws of conservation. The MHD equations involve coupling between the Navier-Stokes equations
governing the fluid and the Maxwell’s equations governing the magnetic field. One of the most fundamental problems in fluid dynam-
ics concerning the MHD equations is whether their classical solutions are globally regular for all time or they develop singularities. The
MHD equations have been a center of attention to numerous analytical, experimental, and numerical investigations.

The two-dimensional MHD equations can be written as

U+ u-Vu=—=Vp+vUy+vauy+b-Vb,
be+u-Vb =1 bx+n2by+b-Vu,
V.u=0, V:-b=0,

u(x,y,O) = uO(le)r b(Xry/O) = bO(Xry):

(1.1)

where (x,y) € R%, t > 0,u = (ui(x,y,t), ua(x,y,t)) denotes the two-dimensional velocity field, p = p(x,y,t) the pressure, b =
(b1(x,y, 1), ba(x,y,1)) the magnetic field, and vy, vy, 77, and 7, are nonnegative real parameters. When v; = v, and 17 = 13, (1.1)
reduces to the standard incompressible MHD equations.

When all four parameters vy, v,, 177, and 1, are positive, the global regularity of two-dimensional MHD equations is well known [1].
However, it remains a remarkable open problem whether classical solutions of the two-dimensional inviscid MHD equation, all four
parameters are zero, preserve their regularity for all time or finite time blow-up. Many attempts have been made, but there are no
satisfactory results concerning the regularity of the solution. When v; > 0,v, = 0,7 = 0,and n; > 0 orwhenv; = 0,v; > 0,77 > 0,
and 7, = 0, the global regularity was recently established by Cao and Wu [2].

Cao, Regmi, and Wu studied two-dimensional MHD equations with horizontal dissipation and horizontal diffusion in [3]. They proved
that any possible blow-up can be controlled by the L>-norm of the horizontal components. Furthermore, they prove that L -norm of
horizontal components, 1 < r < oo, cannot grow faster than /rlogr as r increases.

It is currently unknown whether the solutions of the three-dimensional MHD equations is globally regular (in time). There are
numerous papers related to the global regularity of three-dimensional MHD equations (see [1,4-16] and references therein).
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The two-dimensional flow generates a large family of three-dimensional flow with vorticity stretching([17]); we refer to these as
two-and-half-dimensional flows because the flow in the z direction is predetermined by the underlying two-dimensional flows. Very
recently, Ji and Li ([18]) studied the global regularity of two-and-half-dimensional MHD equations. They proved the global regularity
(in time) for two-and-half-dimensional MHD equations with mixed dissipation diffusion. Furthermore, they established a conditional
global regularity for the horizontal dissipation and horizontal magnetic diffusion. One natural question is ‘Can we extend the results
related to two-dimensional MHD equations to two-and-half-dimensional MHD equations?’

We study two-and-half-dimensional MHD (i.e., (u, b) and p are independent of 2). Let u = (uy, Uy, u3) = (U,u3), b = (by, by, b3) =
(5, b3), then two-and-half-dimensional MHD equations can be written as

U + (@ V)i = =Vp + vyl + v20yy + (b~ V)b,
Beus + (@ V)us = (b~ V)us + vtz + v20,yu3,
be + (- V)b = mdwb + n20yb + (b- V)i,

3~:b3 + (@~ V)by = (b-V)b3 + 019xbs + 129,,b3,

V-g=0 V-b=0,
u(x,y,0) = uo(x,y), b(x,y,0) = bo(x,y),

where u : R? x [0,00) — R3 denotes velocity field, b : R? x [0, 00) — R3 magnetic field, and p : R? x [0, 00) — R pressure.
The vorticity = (dyus, —0xus, dxup — dyuq) and current density j = (9, b3, —0dxbs, dxb, — d,b;) for two-and-half-dimensional MHD
equations can be written as

I + (@ Vyor = (@ Vyuy + (b V)js — (- V)by + 11951 + v2dyyor

9wz + (- V)wy = (@ VYuz + (b V)j2 — (- V)ba + 1102 + 12002

9w + (- V)ws = (b V)jz + 0100w + 120,03

i+ @- V)it = (- Vyur + (b VIor = (@ V)br + 1m1dur + 128y

Bfz + (@ V)jz = (- VIuz + (b V) — (@ - V)bz + M2 + 123y

A3 + (@~ Vjs = (b- V)03 + dufs + 20161 (dyur + dxuz) — 205U (b2 + dyby)

Our main goal in this paper is to study the global regularity of the following two-and-half-dimensional MHD equations with
horizontal dissipation and horizontal diffusion:

Oe + (@- V)i = =Vp + v1lx + (b~ V)b,
dius + (U - 6)Us = (5 : 6)Us + V1 0xU3,
be + (@- V)b = maub + (b- V)i,
0cbs + (@- V)b3 = (b~ V)bs + midubs,
V.-u=0 V-b=0,

u(x,y,0) = uo(x,y), b(x,y,0) = bo(x,y)
For simplicity, we take 71 = vy = 1 in the calculation. ||f||, denotes LP-norm of f € LP(R?).
In this paper, we prove the following theorem.

Theorem 1.1
Assume that (ug, bg) € H*(R?), V -up = 0and V - by = 0. Let (u, b) be the solution of (1.4). If

i
[ I (r, by) |2t < 00
0

forsome T > 0, then ||(u, b)|| 2 is finite on [0, T].
Similarly, we can prove

Theorem 1.2
Assume that (ug, by) € H*(R?), V-uy = 0and V - by = 0. Let (u, b) be the solution of (1.2) withv; = 0,v, > 07 = 0,1, > 0.If

}
/ It b2) |2t < 00
0

forsome T > 0, then ||(u, b)|| 2 is finite on [0, T].
Remark 1.3

(1) Jiand Li ([18]) established a conditional global regularity for the horizontal dissipation and horizontal magnetic diffusion, which
is [|9yur lli2¢co,myr2) < 00 OF [|3yb1 [2((0,r);R2) < 0
(2) Our method is similar to two-dimensional MHD equations with horizontal dissipation and horizontal diffusion [3]. How-
ever, in the presence of the vortex stretching term, the mathematical analysis for two-and-half-dimensional is harder than
two-dimensional case.
|
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The rest of the paper is organized as follows: In Section 2, first, we state key lemmas and then prove the global H' bound for (u, b).
The last section presents the proof of the main theorem.

2. Global H'-bound for (u, b)

One can easily prove the following L2-bound for (u, b).

Lemma 2.1
Let (ug, bo) € H*(R?) and let (u, b) be the corresponding solution of (1.4). Then, (u, b) obeys the following global L?-bound:

t t
lu(®l3 + IIb(t)||§+2/ ||3xu(f)||§df+2/ laxb(0)l3dt < lluoll + llboll3 2.1
0 0

foranyt > 0.
We need the anisotropic Sobolev inequalities stated in the following lemma [2].

Lemma 2.2
Iff, g, h, dyg, dch € L2(R?), then

1 1 1 1
// IFghl dxdy < Cfll2 g% 1,13 A2 lachll2 2.2)
RZ

where C is a constant.
Next step is to prove H' bound for (u, b). More precisely, we prove the following theorem.

Theorem 2.3
Assume that (ug, by) € H2(R?), V-uy = 0and V-by = 0. Let (u, b) be the corresponding solution of (1.4). Then,forany T > 0andt < T,

l(u(e), bE) i = Crelollnlia i) ar

where C; is a constant depending on T and initial data and C; is a pure constant.

We prove Theorem 2.3 in two steps. First, we obtain the global L2 bound for w3 and j3, and then by employing the bound of ||ws]|,
and ||jz ||, we prove the global L2-bound for w1, @, j1, j».

2.1. L% bound for (w3, ]3)

Proposition 2.4
Assume that (ug, by) € H*(R?), V -up = 0and V - by = 0 and let (u, b) be the solution of (1.4). Then, ws and j; satisfy

;
losl3 + i3 +/0 I9xws i3 + 1343113 < €

if (ur, by) € L2([0, TJ; L (R?)).

Proof of (2.4): We consider the case vi > 0, v, = 017 > 0,7, = 0in (1.3). Taking an inner product of the third and sixth equations in
(1.3) with w3 and j3, respectively, integrating with respect to space

22 (ol + 512) + 1wl + sl

—2 / 3ebr (Byuz + dyun) j3 dxdy — 2 / Bt (dxbz + dyby) j3 dxdy. (2.3)
=ty s+

For notational convenience, set

V() = llosC,OlIE + ¢ 0l

The first term can be bounded by Lemma 2.2, namely,

D+ 3 = ClIaeby 2 1y 2 152113 1etial2 s o+
Clialallyuall3 Ngus 12 13:b2113 12113
we have
D = glBesl+ g 11 + C 1w, 13 V(0

. ______________________________________________________________________________________________________|
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The second term on the right of (2.3) needs to be handled differently. By integration by parts,

J2 = 2/8Xb1 ayU1 j3 =2 /b1 8X3yu1j3 -2 /b1 ayU1 axj3 = J21 +J22- (2.4)

S L ;
S = (b1 [loo10xsll2 131l < §||3x13||§ + 1b1l1Z U 13

; L
I = [[brlloo 9yt 12119312 < §||9x13||§ + lblIgo llws 3

Thus,
1 .
B < 2183l5 + 161 [15Y (0
Jo = —2/8)(U1 8yb1 0xby = —2/ OxUn 8yb1 8yb1 =Jy + Jaz
J41 admits
1 1 . .
I < glxsl3 + 218,13+ CUBIZN A3 (les 3 + 113)
1., 1 .
oy = —4 / wrdybrdybr < 2 1adall3 + 5 lur o sl
Thus,

1 .
Ja = 718,03, Bal13 + Clu |2 Y (0)
After combining all inequalities,

1d . 1 1
2O 18032 + 104 < S 18,313 + 5 lldceos 13
+ C(lurllZg + 1161112,) Y (1)

After applying Gronwall’s lemma, we get L2-bound for w3 and js.
2.2. [?bound for (a)1 B a)z,j1,j2)

Proposition 2.5
Assume that (ug, by) € H>(R?), V -uy = 0and V - by = 0 and let (u, b) be the solution of (1.4). Then, (w1, w;) and (ji, ) satisfy

;
(@1, @213 + 1G1.2) 113 +/ [1(@x1, 3xw2)[13 + 1131, Bj2) |13 = €
[0

if (ur, ) € L2([0, TJ; L (R?)).

Proof of 2.5. We consider the case vi > 0, v, = 077 > 0,7, = 0in (1.3). Taking an inner product of the first, second, fourth, and fifth
equations in (1.3) with w1, @1, j1, and j,, respectively, integrating with respect to space variable

1d . o :
Sdr (@1 @[3 + 1G172)13] + 1101, @) 113 + 1B, ) 13 == Y _Ki
=1
where
K1=/(w-V)u1w1dxdy, Kz=—/(j-V)b1a)1dXdy
K3 = /(a) . V)Uzwz dx dy, K4 = — /(j . V)bzwz dx dy
K= [G-widcdy, Ke=— [ Vb axay
K7 = /U'V)szz dx dy, Kg = —/(w - V)boj, dx dy
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 1497-1504
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For notational convenience, set Z(t) = (w1, w2)|13 + ||(1.J2)||2. Now,

K1 = /(1)1 Bxu1 w1 +(1)28yU1(1)1 = —2/u1axw1 wy + /a)zayl.h w1

IA

1 1 1 1
llurlloo | 0xen ll2ln ll2 + 18y un 12|02 12 18y 15 llen I3 1| 9xen [I3

1
= 7 1% 12+ lurliZollon 112 + 13yur 13 [l 13 + llez ]3]

1
= 7 loxer 13+ (lurli3s + 19yunl13) Z(t)

Because dyw, = —dywq and dyuy = dxUy — w3, 50 [ [|dyur]|3 < oo. Similarly, [ [|d,b1]13 < oo

K = —[(/- V)by 1 dxdy /11 dbron + j2dybroo

A

1 1 1 1
< b1 lloo (1 ll2lenll2 + a1 9xer [l2] + 10y [l 18yi2l2 llewr 12 19101 2
T 1
716 101 I3 + 76 10xn 12+ C(llb1ll20 + l13yb113) Z()

IA

Similarly,
K3

IA

| (B, dxall3 + C (Iaxal3 + lunliZe) 20

Ko =~ @i, D) 13 + heon, B + (1826213 + 1112.) 200

Ks = e 10 3+l 2o 13+ 12,61 1320

Ko = g louenl + <2 111 + (16112 + 1,6113) 2

K7 < 2@ b 2 + C (Il + ) Z0)

to < 75 (Ion,donlf + 110 )13 + (1066213 + n ) 20

After combining all inequalities

1d C o 1 1 Lo
EEZ(I‘) + ||(3xw1,3xw2)||§ + ”(3)(]1,3)(]2)”% = 5”(8)((1)1, aXQ)Z)”% + E”(axfhaxh)”% + CB(t)Z(t)

where B(t) is integrable.
After applying Gronwal’s lemma, we obtain the desired result.

3. H? bound

In this section, we establish the global H? bound for (u, b). For the notational convenience, we write Vu for Vu. For instance, Vs =
(0xw3, 0yws, 0,w3) = (dxws3, dyws, 0) = Vaws.

3.1.  Global bound for (Vws, Vj3):

We consider the case vi > 0, v; = 0717 > 0,7, = 0in (1.3). Taking an inner product of the third and sixth equations in (1.3) with
(Aws, Aj3), integrating in space to obtain

1

d , ,
Sdt (||Va)3||§ + ||Vl3||§) + [ Voxws|l3 + [Vaslls = L1+ Lo+ L3 + La + Ls

where
L] = —[Va)3 -Vu- Va)g dXdy, L2 = — / ng -Vu- Vj3 dXdy,
L3 = 2/V(1)3 -Vb- Vj3 dXdy, L4 = 2/V[8Xb1 (8XU2 + 3yu1)] . Vj3 dXdy,

Ls=—2 f V[9yts (3bs + 9,b1)] - Vjs dxdy.

. ______________________________________________________________________________________________________|
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L = /(V(,()3 -Vu- Va)3) dXdy
- [ [ Btis (3x03)? + DyUndy3dyws + Dty devsdyws + dyu(dyw3)?) didy]
=L+ L+ Liz+ L
1 1 1 1
Ly < Cllaxur 2]l 0x@s |15 | 9xxws]l5 [|0xws]l3 | 9xycwsll;
1
< ﬁllvastllg + Clldwun |31 Vs |3

1 1 1 1
Lz < Cllaxuz]l2[l0x@s 15 | 9xy @35 [19y@s]l5 | 0xywsll3
< Clloxua 2| Vasl2 | VOxws |2

1 1 1 1
Lz < Clldyur]l2[l8y@s |3 [ axyews]|3 | 9xwsll3 I10xyws i3
< oy |2 Vs 2| VIxws]l2

1 1 1 1
Lia = Clldyws2110xun |13 110xyun 13 19y |13 | Oxyews]|;
3 1 1 1
= ClIVasll; [9xur |13 [10xws I3 IV dxews I3
1 2 2 3 H
= ﬁ”vaxﬁ%nz + Cl[Vas|3l[oxur I3 | 9xws I;

Thus,

1 2 2
ILi| < gllvastllﬁ + C (1@, 3xu) 13 + 19yt [I3) I Vas||3 + ClIVeos |13 |wsll3 | 9xsll;

Similarly, L, L3, Ls,and, Ls are bounded by

1 . 2 2 .
el < LIVs3 + c(nwan% + s ||axw3||§) 19512

1 1 . . . . .
a1 = 2IVBsIE + LIVAIE + Cls 13 (IVenl + IV 1B) + C I BVl

1 1 .
Lal < L Vasl3 + L IVagsI2

8 8

2 2
. (ujan% T sl + 13313 + sl ||axw3||;) (IVorl + [Vis12).

1 1 .
ILsl = g IVaesll; + 2Vl
+ C (W33 + s 3 + 13115 + 133 ]13) (IVes 3 + 1Visl12) -

Combining these estimates, applying Gronwall’s inequality and invoking the global H' bound, we prove global bound for || (Vws, V) ||2.

3.2. Global bound for (Vwy, Vw,) and (Vji, Vjz)

We consider the case vi > 0,v, = 01y > 0,7, = 0in (1.3). Taking an inner product of the first, second, third, and fifth equations in
(1.3) with (Awq, Awy) and (Ajy, Aj,), integrating in space to obtain

1d J— . .
Sd [I(Veor, Vo) I3 + (Vi1 Vi) I13] + 1(V 801, Vi) lI3 + [1(Vaxr, Vu2) 13

:Z/f

where
h = /(Van -Vu - Va,) dxdy, L= /((a) -V)uy — (j- Vby) - Awy dx dy
I3 = /((a) -V)uy — (j- Vby) - Aw, dx dy, Iy = /(b -V)ji - Awy dx dy
Is = /(Va)z -Vu-Vwy) dxdy, le = /((j~V)u1 —(w-Vby) - Aj
b= [©- V- dodcdy = [ (G- - Vo) A dxdy
b= [V Vu- Vi dedy, o= [(Via- Vu- Vi) ddy
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 1497-1504
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For notational convenience, set X(t) = ||(Vwr, V)13 + [[(Vj1, Vi2) I3
I = /(VC{)] -Vu- VC()]) dXdy

= / [8Xu1 (wa1)2 + 3XU28XC()1 8ya)1 + Byu1 Bxan Bya)1 + ayU2(3yw1)2) dXdy]

=li+hy+hs+ha

1 1 1 1
h < Clloxun [l2110xw |15 19xxw |15 1| 9xr || [| Oxywr |13
1
< Envaxah 13 + Clloxur I3[ Veor |13
1 1 1 1
ha < Cllaxuz|l2[|3xn |15 | 9xy@1 I3 [19y@r (I3 I10xyen ||
< Clloxuall2[Vaor (21 VOxwn |2

1 1 1 1
hs = Cllayur [l2ldyen |7 [|0xyen |13 [|x@1 |13 [|xyen I3
= [9yull2[IVer 2] Voxwr |2

1 1 1 1

ha < Cllayenl2[10xun 117 | 9yt 113 |9y 17 [[0xyen |3
3 1 1 1
< ClIVon i3 l[axu [l | 9xn 13 [V dxan I3

1 2 2
=C [IVaxw1 13 + ClIVan [I3]|1xur |15 [|8xen 13

Thus,
Bl < SV 2 + C (1 @Oxtn, ) |2 + 18,1 12) [Veor |2 + CIVen 213 10eon 13
|1|_8|| |5 + C(Il@xur, dxu) |15 + 19yur [13) [Vean I3 + ClIVean I3 flen |13 |9 |5
Similarly,
1 2 2
IIs < gllvaxwzllﬁ + C (1@, 3xu) 13 + 19yt [I3) V|3 + ClIVeos |13 @2ll3 | 952l
1 . , . R
llo] < §||V3x11 15 + C (1@t dxu) I3 + 13yur 13) Vi 115 + CIVA SN 15 180113

1 ; ; T T .
lhol = gllvaszllﬁ + C (I @xur, dxuz) 13 + N13yur13) 1V72115 + CIVRI 1213 102113

Other terms can be bounded (similar to [18] ) by

1 , )
L < E”axyaﬁ I3+ ClIVan I3 + ClI Nl )13 + I(Vas, Vis)II3] X(2)
/<la 24 C|Vas2 + C NE Vs, Vis) |21 X(t
3 < 16|| w215 + ClIVa, |15 + C[lI(lo)II5 + [(Vas, Vis) 3] X (1)
1 , , R

la+1; < E”(axyh/ di2) 113 + Cll G, Vis) [13X(t)

1 ; ! . )
ls < E”axy/] I3 + ClIVji 13 + C (llw,jlI3 + ClIl Vs, Vj3[I3) X ()

1 ) , . ;
lg < E”axyh“% + ClIV2l3 + C (llwjlI3 + Cll Vs, Vj3[I13) X ()

After combing all inequalities and together with Gronwall’s , we obtain the H'-bound for w;, w,,j1,j>. Therefore, the global H' bound
for wq, w,, w3 together with the global H' bound for j3, j», j3, we obtain the global H? bound for (u, b) for two-and-half-dimensional MHD
equations with horizontal dissipation and horizontal magnetic diffusion.

Theorem 1.2 can be proved similarly as theorem 1.1.
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