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In this paper, our main purpose is to show a new method applying to caculate the 

2 – dimensional cohomology group of the product of two groups. 

  

Let Π, Π’ be two multiplicative groups, Α is a (Π×Π’)- module. Then Α is also a 

Π-module ( or Π’-module ) induced by the injection : 'i Π → Π × Π  ( or 

' : ' 'i Π → Π × Π ). We define h, a map from Π×Π’ to A such that  

(1, ) ( ,1) 0    with    , '.h y h x x y= = ∀ ∈ Π ∈ Π  

 

 Theorem A. There exists a isomorphism 

    2: ( ', )       ,HH A
H

θ
δ

Π × Π ≅  

where 

{ } 2 2

2 2 2 2

2 2

2 2

( , ', ) , ( , ), ' ( ', ) such that  x,x' , y,y' ',

       ( ', ) ( , ') (1, ) ( , ') ( , ) ( ,1) ( ', ),                          (1)

       ( , ') '( , ') ( ,1) '( , ') ( , )

H f f h f Z A f Z A

h xx y f x x y f x x h x y x h x y

h x yy f y y x f y y h x y

= ∈ Π ∈ Π ∀ ∈ Π ∈ Π

+ = + +

− = − + (1, ) ( , ').                    (2)y h x y+

 And  

     

{ } 2 2

2 2 2 2 2 2

2 2 2 2

2 2 2 2 2 2

( , ', ( , ')) ,    ( , ), ' ( ', ) with

: ,   ' : '  such that  (1) '(1) 0,    and 

( , ')( , ) ( ,1) '( ) ( ) (1, ) ( ) '( ),   ( , ) '.    (3)

H g g h g g g B A g B A

g g g g

h g g x y x g y g x y g x g y x y

δ δ δ δ δ δ

δ

= ∈ Π ∈ Π

Π → Α Π → Α = =

= + − − ∀ ∈ Π × Π

 

Proof. Since a 2-dimensional cochain 2 ( ', )F Z∈ Π × Π Α  must does satisfy the identity 

( , ) ( , ) ( , ) ( , ),       X,Y,Z ',XF Y Z F X YZ F X Y F XY Z+ = + ∈ Π × Π  

we can expand  

(( , ), ( ', ')) (( ,1), ( ',1)) ( ',1) ((1, ), (1, ')) [ (( ,1), (1, ))

(( ',1), (1, ')) ( , ) (( ',1), (1, '))] ( ,1)[ (( ',1), (1, )) ((1, ), ( ',1))].

F x y x y F x x xx F y y F x y

F xx yy x y F x y x F x y F y x

= + −

− + − −
 

Let  

2 2( , ') (( ,1), ( ',1)),   ( , ') ((1, ), (1, ')),  

( ', ) (( ',1), (1, )) ((1, ), ( ',1)) and

( , ) (( ,1), (1, ))

f x x F x x f y y F y y

h x y F x y F y x

G x y F x y

= =

= −

=

 

(( ,1), (1, )) (( ',1), (1, ')) ( , ) (( ',1), (1, ')) ( , ) ( ', ')

                                                                                                 ( , ) ( ', ')

               

F x y F xx yy x y F x y G x y G xx yy

x y G x y

⇒ − + = −

+

                                                                               (( , ), ( ', ')).G x y x yδ=

 

Hence, 

2 2(( , ), ( ', ')) ( , ') ( ',1) '( , ') ( ,1) ( ', ) (( , ), ( ', '),        

                                                                                           ( , ), ( ', ') '.

F x y x y f x x xx f y y x h x y G x y x y

x y x y

δ= + − −

∀ ∈ Π × Π

We can easily prove that 2 2

2 2( , ), ' ( ', ) f Z f Z∈ Π Α ∈ Π Α and h satisfy identities (1), 
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(2). Therefore, we define a map θ such that 2 2( ) ( , ', )F f f hθ = . We can verify that θ 

is a isomorphism. 

 This theorem is very important in our paper. Although it seems very complex, it is 

also convenient in some cases. Applying it, we describe the 2-dimensional 

cohomology of the product of two free groups. First, we recall the Lemma in [1]. 

 

 Lemma 7.2. ( Maclane – Homology, chapter IV ) 

   If F  is a free group with generators ie , Ji ∈ , A  is a F -module then the group 

of all maps AFh →:  such that always  

 

),()()( xhyxhxyh +=        Fyx ∈∀ ,  

 

is isomorphic to the product ∏
∈Ji

iA  under the correspondence which sends each h  

to the family { }
Jiieh

∈
)(  in ∏

∈Ji

iA . 

 Using the same method to prove, we can generalize this result. 

Theorem B. If 21 , FF  are free groups with generators { } { }
JjjIii we

∈∈
, , A  is a 

( 21 FF × )–module then the group of all maps AFFh →× 21:  such that always 

 

     ,',,       ),',(),1(),()',(

   ,,',        ),,'()1,(),(),'(

21

21

FyyFxyxhyyxhyyxh

FyFxxyxhxyxhyxxh

∈∈∀+=

∈∈∀+=
 

 

is isomorphic to the product  ∏
×JI

A , under the correspondence which sends each h  

to the family { }
JIji weh

×
),( . 

By use of these Theorem, we obtain the following 
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1 2( , ) ,I J

ij

I J

A

H F F A
S

×

×

× ≅
∏

∏
 

where { }| ,     , .
ij j i j i j i i j

S a e a a w a a a A with i I j J= − − + ∈ ∈ ∈  

Proof. Since 2 2

1 2( , ) ( , ) 0H F A H F A= = , from Theorem A we have  

 

1 2( , ) KH F F A
Kδ

× ≅ , 

 

where K  is a group of all maps 1 2:h F F A× →  such that  

1 2

1 2

( ', ) ( , ) ( ,1) ( ', ),         , ' , ,    

( , ') ( , ) (1, ) ( , '),     , , ' ,     

h xx y h x y x h x y x x F y F

h x yy h x y y h x y x F y y F

= + ∀ ∈ ∈

= + ∀ ∈ ∈
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and Kδ  is a subgroup of K  including all maps )',( 22 gghδ  as (3). Using Theorem 

B and the Lemma 7.2 in [1], we can describe that 
I J

K A
×

≅ ∏  and 
ij

I J

K Sδ
×

≅ ∏ .  

   

When A is a trivial module, we have an interesting result. First, we define 

( , ', )D AΠ Π is a set of all maps : 'h AΠ × Π →  such that 

( ', ) ( , ) ( ', ),         , ' , ',    

( , ') ( , ) ( , '),        , , ' '.   

h xx y h x y h x y x x y

h x yy h x y h x y x y y

= + ∀ ∈ Π ∈ Π

= + ∀ ∈ Π ∈ Π
 

From Theorem A, the following result is proved by induction 

),(
1

2
AH

n

i

i∏
=

Π ∏∏
<=

ΠΠ×Π≅
n

ji

ji

n

i

i ADAH ),,(),(
1

2
,                     

Using this formula, we can easily calculate  

),(
1

2
ACH

n

i

mi∏
=

( , )

1

,
i j

n n

m m
ii i j

A A
m A

= <

≅ ×∏ ∏  

where 
i

C  is the cyclic group of order 
i

m , ),( ji mm is the greatest common divisor of 

ji mm , , and { }0),(|),( =∈= ammAaA jimm ji
. 
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