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In this paper, our main purpose is to show a new method applying to caculate the
2 — dimensional cohomology group of the product of two groups.

Let I1, IT” be two multiplicative groups, A is a (IIXII’)- module. Then A is also a
[I-module ( or II’-module ) induced by the injection i:I1 — IIXII' ( or
i":II' = IIxII"). We define A, a map from ITXIT’ to A such that

h(1,y)=h(x,1)=0 with Vxell,yell"

Theorem A. There exists a isomorphism
. 2 ' ~ H
0:H MxI,A)=H/L

where
H={(f,,f, W)}, f, € Z (L, A), f,'e Z*(I1', A) such that Vx,x'e I1, y,y'e IT,
h(xx', y) + £, (6, x) = (1L y) f, (x, x) + h(x, y) + (x,DA(x", y), (1)
h(x, yy) = £, ' (3, y) ==, D f, (3, )+ h(x, y) + (1, y)h(x, y ). (2)
And

OH ={(0g,,08, " 0h(g,.8,")}, Og,€ B (II,A),dg,'e B*(IT', A) with
g, II1—A, g,":II'=> A suchthat g,(1)=g,'(1)=0, and
Oh(g,,8, )(x,y)=(x,1)g, ' (M) + g, ()= (L y)g,(x)— &, '(y), V(x,y)eIIxII". (3)
Proof. Since a 2-dimensional cochain F e Z*>(IIxII',A) must does satisfy the identity
XFY,2)+F(X,Y2)=F(X,Y)+ F(XY,Z), XY, ZeIIxII,
we can expand
F((x,y),(x',y)) = F((x,D,(x, D)+ (ex, DF((L, y), (1, y ) =[F((x, D, (1, y))

—F((x', 1), (L yy ) + (x, M F((x,1), (A, y D] = (6, DIF((x 1D, (4, y)) = F((1, y), (x, )]
Let

Lux) = F((e D, (x\D), f,(y,y)=F((Ly),1,y"),
h(x',y) = F((x'1),(1,y)) = F((1, y),(x'1)) and
G(x,y)=F((x,1),(1,y))
= F((x,1),(1L, y)) = F((xx, D, (L yy ) + (e, ) F((xL D, (L y") = G(x, y) = G(xx', yy ')
+(x,y)G(x',y")
= 0G((x,y),(x,y").

Hence,

F((x,y),(x,y)) = f,(6x)+(xx,D f, (3, ) = (. DA(x', y) = 6G((x, ), (x', ¥,
V(x,y),(x",y")e IIxII".

We can easily prove that f, € Z*(IL A), f,"e Z*(I', A) and  satisfy identities (1),



(2). Therefore, we define a map 0 such that 8(F) =(f,, f, ',h) . We can verify that 6

is a isomorphism.[ ]

This theorem is very important in our paper. Although it seems very complex, it is
also convenient in some cases. Applying it, we describe the 2-dimensional
cohomology of the product of two free groups. First, we recall the Lemma in [1].

Lemma 7.2. ( Maclane — Homology, chapter IV )
If F is a free group with generators e;, i€ J, A is a F -module then the group

of all maps h: F — A such that always

h(xy) = xh(y)+ h(x), Vx,ye F

is isomorphic to the product HAi under the correspondence which sends each h
ieJ

to the family {h(e,)},, in [T A, -
ieJ
Using the same method to prove, we can generalize this result.
Theorem B. If F|, F, are free groups with generators {3; }I.E , ,{w i }jej, Aisa

( F, X F, )-module then the group of all maps h: F, X F, — A such that always

h(xx',y) = h(x,y)+ (x,Dh(x',y), Vx,x'e F,ye F,,
h(x,yy') =h(x,y)+ 1, y)h(x,y"), Vxe F,y,y'e F,,

is isomorphic to the product HA, under the correspondence which sends each h
IxJ

to the family {h(ei, w; )}M.
By use of these Theorem, we obtain the following
[14
2 ~ IxJ
H(FxF A2 Ay

IxJ

where S, :{aj —ea;,—a,+wa la,a; e A} with iel,je J.

Proof. Since H2(Fl LA) = H2(F2 ,A) =0, from Theorem A we have

H(F,xF,,A) =K/

where K is a group of all maps h: F; X F, — A such that
h(xx',y)=h(x,y)+(x,Dh(x",y), Vx,x'e F,ye F,,
h(x,yy'):h(x,)’)‘F(L)’)h(x,y'), VXG Fi’y’y'EFZ’



and JK is a subgroup of K including all maps oh(g,,g,') as (3). Using Theorem
B and the Lemma 7.2 in [1], we can describe that K = HA and 0K = HSU. N

IxJ IxJ

When A is a trivial module, we have an interesting result. First, we define
D(IILII', A)is a set of all maps & :IIXII'— A such that
h(xx',y) = h(x,y)+h(x',y), Vx,x'e I1,ye IT,
h(x,yy") =h(x,y)+h(x,y),  VxeIl,yy'ell"
From Theorem A, the following result is proved by induction
H ([, 4 =]]H @, AHx][] 1.1, A),
i=1 i=1 i<j
Using this formula, we can easily calculate
) n _ n A n
RIS HAAXH4>
where C; is the cyclic group of order m,, (m;,m;)is the greatest common divisor of
m;,m;, and A ={ae Al(ml.,mj)a=0}.

(m; ,m/-)
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